








4. Geodesics in axially symmetric space-times

4.2.2 Analytical solutions of the geodesic equations

In this subsection the analytical solutions of the geodesic equations (4.2.8)-(4.2.11)

(

dr̄

dγ

)2

= R̄K(r̄) = P
2(r) − ∆r̄,K(ǫr̄2 + K̄) , (4.2.8)

(

dθ

dγ

)2

= Θ̄K(θ) = K̄ − ǫā2 cos2 θ − T2(θ)

sin2 θ
, (4.2.9)

dϕ

dγ
=

ā

∆r̄,K

P(r) − 1

sin2 θ
T(θ) , (4.2.10)

dt̄

dγ
=

r̄2 + ā2

∆r̄,K

P(r) − āT(θ) , (4.2.11)

where

P(r) = (r̄2 + ā2)E − āL̄z ,

T(θ) = āE sin2 θ − L̄z ,

are presented. Each equation is treated separately.

r̄ motion

As mentioned before the function R̄K(r̄) in (4.2.8)

R̄K(r̄) = P
2(r) − ∆r̄,K(ǫr̄2 + K̄)

is a polynomial of degree 4 for both ǫ = 1 and ǫ = 0 and, therefore, the differential
equation (4.2.8) is of elliptic type if R̄K has only simple zeros but can be solved
in terms of elementary functions if R̄K has multiple zeros. In the latter case the
analytical solution can be found for example in [31]. In the following it is assumed
that R̄K has only simple zeros.

Analogous to the situation in Reissner-Nordström space-time, see Sec. 3.2.2, the
polynomial R̄K can be transformed to the Weierstrass form (2.1.5) by the standard
substitutions, i.e. first r̄ = 1

ξ
+ r̄K for a zero r̄K of R̄K(r̄), what yields

(

dξ

dγ

)2

=
3

∑

j=0

aj ξj , aj =
1

(4 − j)!

d(4−j)R̄K

dr̄4−j
(rK) . (4.2.24)
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4.2. Kerr space-time

Second, ξ = 1
a3

(

4y − a2

3

)

casts (4.2.24) in the form

(

dy

dγ

)2

= 4y3 − g2y − g3 , (4.2.25)

where g2, g3 are given by the standard equation (2.1.11)

g2 =
1

16

(

4

3
a2

2 − 4a1a3

)

,

g3 =
1

16

(

1

3
a1a2a3 −

2

27
a3

2 − a0a
2
3

)

.

The analytical solution of Eq. (4.2.8) for Kerr space-time is then given by

r̄(γ) =
1

ξ(γ)
+ rK =

a3

4℘(γ − γr,in) − a2

3

+ rK , (4.2.26)

where

γr,in = γ0 +

∫ ∞

y0

dz
√

4z3 − g2z − g3

, y0 =
1

4

(

a3

r̄0 − rK

+
a2

3

)

, (4.2.27)

depends only on the initial values γ0 and r̄0.

θ motion

The first step to an analytical solution of Eq. (4.2.9) is a substitution ν = cos2 θ
which yields the easier differential equation

(

dν

dγ

)2

= 4νΘν(ν) (4.2.28)

= −4ā2(E2 − ǫ)ν3 + 4(2āE(āE − L̄z) − K̄ − ǫā2)ν2 + 4(K̄ − (āE − L̄z)
2)ν

where Θν is defined in (4.2.18). The polynomial on the right hand side of (4.2.28) is
in general of degree 3 for both ǫ = 1 and ǫ = 0 and, thus, of elliptic type. However,
if the degree of 4νΘν is reduced to 2, which is the case for E2 = ǫ, or if νΘν has
multiple zeros Eq. (4.2.28) can be solved in terms of elementary functions, see e.g.
[31]. In the following we assume that this is not the case.
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4. Geodesics in axially symmetric space-times

Eq. (4.2.28) can be cast in the Weierstrass form (2.1.5) with the standard substi-
tution

ν =
3y − 2āE(āE − L̄z) + K̄ + ǫā2

−3ā2(E2 − ǫ)
. (4.2.29)

The solution of (4.2.9) is then given by

θ(γ) = arccos

(

±
√

3℘(γ − γθ,in) − 2āE(āE − L̄z) + K̄ + ǫā2

−3ā2(E2 − ǫ)

)

, (4.2.30)

where

γθ,in = γ0 +

∫ ∞

y0

dz
√

4z3 − g2z − g3

,

y0 =
1

3

(

−3ā2 cos2 θ0(E
2 − ǫ) + 2āE(āE − L̄z) − K̄ − ǫā2

)

,

(4.2.31)

and

g2 =
4

3

(

2āE(āE − L̄z) − K̄ − ǫā2
)2

+ 4ā2(K̄ − (āE − L̄z)
2)(E2 − ǫ) ,

g3 = 4(2āE(āE − L̄z) − K̄ − ǫā2)
[−ā2

3
(K̄ − (āE − L̄z)

2)(E2 − ǫ)

− 2

27
(2āE(āE − L̄z) − K̄ − ǫā2)2

]

.

(4.2.32)

The sign of the square root in (4.2.30) has to be chosen according to θ being in
the northern (plus sign) or southern (minus sign) hemisphere and, thus, depends on
the initial value θ0. If the motion oscillates around the equatorial plane, the two
solutions with different signs have to be glued together along θ = π

2
starting with

the sign indicated by θ0.

ϕ motion

The equation for ϕ

dϕ

dγ
=

ā

∆r̄,K

P(r) − 1

sin2 θ
T(θ)
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4.2. Kerr space-time

can be splitted in a part only dependent on r and a part only dependent on θ. An
integration yields

ϕ − ϕ0 =

∫ γ

γ0

āP(r)

∆r̄(γ),K

dγ −
∫ γ

γ0

T(θ)dγ

sin2 θ(γ)

=

∫ r̄

r̄0

āP(r)dr̄

∆r̄,K

√

R̄K(r̄)
−

∫ θ

θ0

T(θ)dθ

sin2 θ
√

Θ̄K(θ)
, (4.2.33)

where we substituted r̄ = r̄(γ), i.e. dr̄
dγ

=
√

R̄K, in the first and θ = θ(γ), i.e.
dθ
dγ

=
√

Θ̄K, in the second integral.

We will solve now the two integrals in (4.2.33) separately.

r̄ dependent part Let us consider the first, r̄ dependent integral in (4.2.33)

Ir :=

∫ r̄

r̄0

ā
(

(r̄2 + ā2)E − āL̄z

)

dr̄

∆r̄,K

√

R̄K

. (4.2.34)

Analogous to subsection 4.2.2 this integral can be solved by elementary functions
if R̄K has multiple zeros [31]. However, in general Ir is an elliptic integral of third
kind. Thus, a transformation of R̄K to the standard Weierstrass form has to be
carried out, what can be achieved in the same way as in subsection 4.2.2. The
substitutions r̄ = ξ−1 + r̄K for a zero r̄K and ξ = 1

a3

(

4y − a2

3

)

where a3, a2 are given
by (4.2.24) together with a subsequent partial fraction decomposition cast Ir in the
form

Ir = −ā
|a3|
a3

[

P(r̄K)

∆r̄K,K

∫ y

y0

dy
√

PW (y)
+

2
∑

i=1

∫ y

y0

Cidy

(y − yi)
√

PW (y)

]

= −ā
|a3|
a3

[

P(r̄K)

∆r̄K,K

(v − v0) +
2

∑

i=1

∫ v

v0

Cidv

(℘(v) − yi)

]

, (4.2.35)

where PW (y) = 4y3 − g2y − g3, yi are the zeros of the polynomial 144∆r̄K,Kz2 −
24(a2∆r̄K,K + 3a3(r̄K − 1))z + a2

2∆r̄K,K − 6a2a3(r̄K − 1) + 9a2
3, and Ci is the coefficient

of the partial fraction (y − yi)
−1. This integral can now be solved with the standard
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4. Geodesics in axially symmetric space-times

procedure described in Thm. 2.5 and appendix A. The result is

Ir(γ) = −ā
|a3|
a3

[

P(r̄K)

∆r̄K,K

(γ − γ0) +
2

∑

i,j=1

Ci

℘′(vij)

(

ζ(vij)(γ − γ0) + log σ(γ − γij) − log σ(γ0 − γij)
)

]

, (4.2.36)

where ℘(γij − γr,in) = yi.

θ dependent part We solve now the θ dependent integral

Iθ :=

∫ θ

θ0

(

āE sin2 θ − L̄z

)

dθ

sin2 θ
√

Θ̄
, (4.2.37)

which can be transformed to the easier form

Iθ = ∓
∫ ν

ν0

āE(1 − ν) − L̄z

(1 − ν)
√

4νΘν

dν (4.2.38)

by the substitution ν = cos2 θ, where Θν is defined in (4.2.18). Here we have to pay
special attention to the integration path. If θ ∈ (0, π

2
] we have cos θ = +

√
ν but for

θ ∈ [π
2
, π) it is cos θ = −√

ν. Accordingly, we first have to split the integration path
from θ0 to θ such that every piece is fully contained in the interval (0, π

2
] or [π

2
, π)

and then to choose the appropriate sign of the square root of ν in cos θ =
√

ν. By
these considerations it seems like the sign of Iθ and, thus, the ϕ coordinate depends
on whether the particle is in the nothern or southern hemisphere. But in fact the
branches of the square root

√
4νΘν also change when the substitution cos θ = +

√
ν

changes to cos θ = −√
ν. Therefore, in the whole the sign of Iθ does not depend on

whether θ is in the northern or southern hemisphere. In the following we assume for
simplicity that cos θ = +

√
ν.

Analogous to subsection 4.2.2 the integral Iθ can be solved by elementary functions
if νΘν has at least a double zero [31]. If νΘν has only simple zeros Iθ is of elliptic
type and of third kind. If this is the case, a substitution

ν =
1

a3

(

4y − a2

3

)

(4.2.39)

with a2 = 4(2āE(āE − L̄z) − K̄ − ǫā2) , a3 = −4ā2(E2 − ǫ)
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4.2. Kerr space-time

transforms Iθ to

Iθ = −|a3|
a3

∫ y

y0

4āEy − āE(a3 + a2

3
) + L̄za3

(4y − a3 − a2

3
)
√

PW (y)
dy

= −|a3|
a3

[

āE

∫ y

y0

dy
√

PW (y)
+

∫ y

y0

a3L̄zdy

(4y − a3 − a2

3
)
√

PW (y)

]

= −|a3|
a3

[

āE(v − v0) +

∫ v

v0

a3L̄zdv

4℘(v) − a3 − a2

3

]

, (4.2.40)

where PW (y) = 4y3 − g2y − g3 with g2, g3 as in (4.2.31) and ℘(v) = y. The square
root of PW has to be chosen such that it coincides with the sign of ℘′. The integral
in (4.2.40) can now be solved with the standard procedure described in Thm. 2.5
and appendix A. The result is

Iθ(γ) = −|a3|
a3

[

āE(γ − γ0) +
a3L̄z

4

2
∑

j=1

1

℘′(vj)
(

ζ(vj)(γ − γ0) + log σ(γ − γj) − log σ(γ0 − γj)

)]

, (4.2.41)

where ℘(γj − γθ,in) = a3

4
+ a2

12
.

t motion

The differential equation for t̄,

dt̄

dγ
=

r̄2 + ā2

∆r̄,K

P(r̄) − āT(θ) ,

can be solved analogously to the equation for the ϕ motion (4.2.10). First, the
equation can be integrated yielding

t̄ − t̄0 =

∫ γ

γ0

r̄2 + ā2

∆r̄,K

P(r̄)dγ − ā

∫ γ

γ0

T(θ)dγ

=

∫ r̄

r̄0

r̄2 + ā2

∆r̄,K

P(r̄)
√

R̄K(r̄)
dr̄ − ā

∫ θ

θ0

T(θ)
√

Θ̄K(θ)
dθ (4.2.42)

=: Ĩr − āĨθ . (4.2.43)
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4. Geodesics in axially symmetric space-times

As the solution procedure for the type of integrals on the right hand side of this
equation was already explained, we just write down here the result for the most
general cases.

The integral Ĩr is solved by

Ĩr = C0

∫ y

y0

dy
√

4y3 − g2y − g3

+
3

∑

i=1

Ci1

∫ y

y0

dy

(y − yi)
√

4y3 − g2y − g3

+ C32

∫ y

y0

dy

(y − y3)2
√

4y3 − g2y − g3

= C0(γ − γ0) +
3

∑

i=1

2
∑

j=1

Ci1

℘′(vij)

(

ζ(vij)(γ − γ0) + log σ(γ − γij) − log σ(γ0 − γij)
)

−
2

∑

j=1

C32

℘′(v3j)

[

℘(v3j)℘
′(v3j) + 2℘′′(v3j)ζ(v3j)

℘′(v3j)2
(γ − γ0) + ζ(γ − γ3j)

+ 2℘′′(v3j)(log σ(γ − γ3j) − log σ(γ0 − γ3j))

]

, (4.2.44)

where C0 is a constant, Cik are the coefficients of the partial fractions (y − yi)
−k

which may be computed with the help of a computer algebra system, y1, y2 are
the two zeros of ∆y(r̄),K, y3 = a2

12
with a2 as in (4.2.24), g2, g3 as in the Sec. 4.2.2,

℘(vi1) = yi = ℘(vi2), and γij = γr,in + vij.

With the same substitutions as in Sec. 4.2.2 the polynomial Θ(θ) can be trans-
formed to the standard Weierstrass form. With these substitutions the integral Ĩθ

becomes

Ĩθ = −4āE

a3

∫ y

y0

ydy
√

4y3 − g2y − g3

+
3āEa3 + āEa2 − 3La3

3a3

∫ y

y0

dy
√

4y3 − g2y − g3

=
4āE

a3

ζ(γ − γ0) +
3āEa3 + āEa2 − 3La3

3a3

(γ − γ0) (4.2.45)

where a3 = −4ā2(E2 − ǫ) and a2 = 4(2āE(āE − L̄z) − K̄ − ǫā2).

4.3 Kerr-de Sitter space-time

The aim of this section is the generalization of the results of Sec. 4.2 to the case of
a nonvanishing cosmological constant. Thus, the geodesic equations (4.1.7)-(4.1.10)
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4.3. Kerr-de Sitter space-time

in Kerr-(anti-)de Sitter space-time

ρ4

(

dr

dτ

)2

= R(r) = χ2((r2 + a2)E − aLz)
2 − ∆r,KdS(ǫr

2 + K) , (4.1.7)

ρ4

(

dθ

dτ

)2

= Θ(θ) = ∆θ(K − ǫa2 cos2 θ) − χ2

sin2 θ
(aE sin2 θ − Lz)

2 , (4.1.8)

ρ2

χ2

dϕ

dτ
=

a

∆r,KdS

((r2 + a2)E − aLz) −
1

∆θ sin2 θ
(aE sin2 θ − Lz) , (4.1.9)

ρ2

χ2

dt

dτ
=

r2 + a2

∆r,KdS

((r2 + a2)E − aLz) −
a

∆θ

(aE sin2 θ − Lz) , (4.1.10)

where ∆r,KdS and ∆θ are given by (4.0.5)

∆r = ∆r,KdS =

(

1 − Λ

3
r2

)

(r2 + a2) − 2Mr ,

∆θ = 1 +
a2Λ

3
cos2 θ , χ = 1 +

a2Λ

3
,

are analyzed and analytically solved along the lines of [80, 81]. The Kerr-(anti-)
de Sitter space-time in Boyer-Lindquist form describes an axially symmetric and
stationary vacuum solution of Einstein’s equations and is characterized by the mass
M of the gravitating body, the angular momentum per mass a = J/M , and the
cosmological constant Λ.

The geodesic equations (4.1.7)-(4.1.10) are coupled by ρ2 = r2 + a2 cos2 θ. Anal-
ogously to Kerr space-time this can be handled by introducing the Mino time λ
[30] connected to the proper time τ by dτ

dλ
= ρ2. Dependent on this Mino time the

equations of motions read

(

dr

dλ

)2

= RKdS(r) = χ2((r2 + a2)E − aLz)
2 − ∆r,KdS(ǫr

2 + K) , (4.3.1)

(

dθ

dλ

)2

= ΘKdS(θ) = ∆θ(K − ǫa2 cos2 θ) − χ2

sin2 θ
(aE sin2 θ − Lz)

2 , (4.3.2)

1

χ2

dϕ

dλ
=

a

∆r,KdS

((r2 + a2)E − aLz) −
1

∆θ sin2 θ
(aE sin2 θ − Lz) , (4.3.3)

1

χ2

dt

dλ
=

r2 + a2

∆r,KdS

((r2 + a2)E − aLz) −
a

∆θ

(aE sin2 θ − Lz) . (4.3.4)
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4. Geodesics in axially symmetric space-times

(a) black: Λ = 0,
grey: Λ = −10−5

(b) Λ = 10−5

Figure 4.9: Regions of slow and fast Kerr-de Sitter for different values of Λ. a)
Below the line we have a slow Kerr-anti-de Sitter space-time (with a Cauchy and an
event horizon) and above a fast one corresponding to a naked singularity. b) In the
region bounded by the two curves we have a slow Kerr-de Sitter space-time with two
cosmological horizons, where one is located at negative r, a Cauchy horizon and an
event horizon. Outside we have a fast one with two cosmological horizons, one again
at negative r.

As RKdS is in general a polynomial of degree 6, the differential equation (4.3.1) is of
hyperelliptic type and an analytical solution can be found with the method presented
in Chap. 3, Sec. 3.3. The right hand side ΘKdS of Eq. (4.3.2) can be transformed to
a polynomial of degree 4 and, thus, this equation is of elliptic type with a analytical
solution in terms of Weierstrass functions. However, Eqs. (4.3.3) and (4.3.4) have the
most complicated form considered in this thesis. If the solutions of (4.3.1) and (4.3.2)
are substituted in these two equations the resulting integrals are of hyperelliptic type
and third kind.

Analogously to the situation in Kerr space-time, we classify this form of the metric
according to the number of (disconnected) regions where ∆r,KdS > 0, which depends
on the parameters M , a and Λ. We speak of slow Kerr-de Sitter if there are two
regions and of fast Kerr-de Sitter if there is one region where ∆r,KdS > 0. The
limiting case where two regions are connected by a zero of ∆r,KdS is called extreme

Kerr-de Sitter. Other cases are not possible, what can be seen by a comparison of
coefficients in ∆r,KdS = −Λ

3
r4 + (1− Λ

3
a2)r2 − 2Mr + a2 = −Λ

3

∏4
i=1(r − ri) where ri

denote the zeros of ∆r,KdS. Fig. 4.9 shows the modification of regions of slow, fast,
and extreme Kerr-de Sitter with varying Λ. From this plot it can be inferred that
for a positive cosmological constant the gravitating object in a slow Kerr-de Sitter
space-time is not necessarily slowly rotating with respect to its mass.
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4.3. Kerr-de Sitter space-time

4.3.1 Types of orbits

Before solving the equations of motion for Kerr-de Sitter space-time, we analyse the
structure of possible orbits dependent on the black hole parameters ā, Λ̄ and the
particle parameters ǫ, E, Lz, and K. As explained in Sec. 4.1 the major point in
this analysis is that (4.3.1) and (4.3.2) imply RKdS(r̄) ≥ 0 and ΘKdS(θ) ≥ 0 as a
necessary condition for the existence of a geodesic.

Again, it is most convenient to introduce dimensionless quantities for an analysis
of the dependence of the possible types of orbits on the parameters of the space-time
and the geodesic. Thus, we define

r̄ =
r

M
, t̄ =

t

M
, ā =

a

M
, L̄z =

Lz

M
, K̄ =

K

M2
, Λ̄ =

1

3
ΛM2 (4.3.5)

and accordingly

∆r̄,KdS =
(

1 − Λ̄r̄2
)

(r̄2 + ā2) − 2r̄ , (∆r,KdS = M2∆r̄,KdS) ,

∆θ = 1 + ā2Λ̄ cos2 θ , and χ = 1 + ā2Λ̄ .
(4.3.6)

In addition, we can absorb M in the definition of λ by introducing

γ = Mλ . (4.3.7)

Then the equations (4.3.1)-(4.3.4) can be rewritten as

(

dr̄

dγ

)2

= χ2
P

2(r) − ∆r̄,KdS(ǫr̄
2 + K̄) =: R̄KdS(r̄) , (4.3.8)

(

dθ

dγ

)2

= ∆θ(K̄ − ǫā2 cos2 θ) − χ2T2(θ)

sin2 θ
=: Θ̄KdS(θ) , (4.3.9)

1

χ2

dϕ

dγ
=

ā

∆r̄,KdS

P(r) − 1

∆θ sin2 θ
T(θ) , (4.3.10)

1

χ2

dt̄

dγ
=

r̄2 + ā2

∆r̄,KdS

P(r) − ā

∆θ

T(θ) , (4.3.11)

where
P(r) = (r̄2 + ā2)E − āL̄z ,

T(θ) = āE sin2 θ − L̄z ,

as in (4.2.12). In the remainder of this section we will study the consequences of the
two conditions RKdS(r̄) ≥ 0 and ΘKdS(θ) ≥ 0.
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Types of latitudinal motion

Analogously to the case of a vanishing cosmological constant the function ΘKdS(θ)
can be simplified by introducing ν = cos2 θ, which yields

ΘKdS(ν) = (1+ ā2Λ̄ν)(K̄− ǫā2ν)−χ2

(

ā2E2(1 − ν) − 2āEL̄z +
L̄2

z

1 − ν

)

. (4.3.12)

It will be analyzed in the following which values of ā, Λ̄, E, L̄z, K̄, and θ ∈ [0, π] result
in positive ΘKdS(ν). For this, assume that for a given set of parameters there exists
a certain number of zeros of ΘKdS(ν) in [0, 1]. These zeros correspond to turning
points of the θ motion. Therefore, the type of θ motion changes if the number of
real zeros in [0, 1] changes. This may happen only if (i) a zero crosses 0 or 1 or (ii)
two zeros merge to one. Case (i) occurs iff

ΘKdS(ν = 0) = K̄ − χ2(āE − L̄z)
2 = 0 ⇔ L̄z = āE ±

√
K̄

χ
(4.3.13)

or ΘKdS(ν = 1) = 0. As ν = 1 is in general a pole of ΘKdS(ν) it is a necessary
condition for ΘKdS(ν = 1) = 0 that this pole becomes a removable singularity. From
(4.3.12) it can be inferred that this happens for L̄z = 0. If this is inserted in (4.3.12)
we obtain

ΘKdS(ν) = (1 + ā2Λ̄ν)(K̄ − ǫā2ν) − χ2ā2E2(1 − ν) for L̄z = 0 (4.3.14)
ν=1
= χ(K̄ − ǫā2) .

Thus, it can be inferred that ΘKdS(ν = 1) = 0 if and only if L̄z = 0 and additionally

K̄ = ǫā2 (as χ = 0 can be excluded, see also Thm. 4.2). Summarized, L̄z = āE±
√

K̄
χ

and simultaneously L̄z = 0 and K̄ = ǫā2 specify border cases of the θ motion.

Now let us study case (ii). If the coordinate singularities θ = 0, π or ν = 1 are
excluded the zeros of ΘKdS(ν) are given by the zeros of

Θν = (1 − ν)(1 + ā2Λ̄ν)(K̄ − ǫā2ν) − χ2
(

āE(1 − ν) − L̄z

)2
, (4.3.15)

which is in general a polynomial of degree 3 for ǫ = 1 but of degree 2 for ǫ = 0. Then
for timelike geodesics two zeros coincide at x ∈ [0, 1) iff

Θν = (ν − x)2(a1ν + a0) (4.3.16)
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and the Lense-Thirring effect by

∆Lense−Thirring = Ωϕ − Ωθ =

(

Yϕ − 2π

ωθ

)

1

Γ
. (4.3.65)

Another way to access information encoded in the orbits is through a frequency
decomposition of the whole orbit [88]. This could be the aim of future work.

4.4 Plebański-Demiański space-times

The methods for analysing geodesic motion and analytically solving the equations
of motions developed and applied in this thesis are not limited to the space-times
presented so far in this and the foregoing chapter. Indeed, they can also be used
for the most general space-times with separable Hamilton-Jacobi equation, which
are the electrovac type-D space-times without acceleration of the gravitating object
[75, 76, 77]. The Plebański-Demiański black hole solutions exhausts all electrovac
type-D space-times and, thus, it is possible to explicitly and analytically solve the
geodesic equations in all space-times, where they are integrable, if this can be done in
Plebański-Demiański space-time without acceleration. This space-time is described
by [89, 90]

ds2 =
∆r,PD

ρ2
PD

(

dt − (a sin2 θ + 2n cos θ)dϕ
)2 − ρ2

PD

∆r,PD

dr2

− ∆θ,PD

ρ2
PD

sin2 θ(adt − (r2 + a2 + n2)dϕ)2 − ρ2
PD

∆θ,PD

dθ2 (4.4.1)

with

ρ2
PD = r2 + (n − a cos θ)2 ,

∆θ,PD = 1 + 1
3
a2Λ cos2 θ − 4

3
Λan cos θ (4.4.2)

∆r,PD =

(

1 − Λ

3
r2 − Λn2

)

(r2 + a2 − n2) − 2Mr + Q2
e + Q2

m − 4

3
Λn2r2

where M is the mass, a = J/M the anguar momentum per mass, Λ the cosmological
constant, n is the NUT charge, Qe is the electric, and Qm the magnetic charge
of a gravitating source. The axially symmetric space-times considered so far in this
chapter emerge from (4.4.1) in the Boyer-Lindquist coordinates t → tχ−1, ϕ → ϕχ−1,
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where χ = 1 + 1
3
a2Λ, and by setting n = 0, Qe = 0, Qm = 0, and in the case of Kerr

space-time also Λ = 0. In Plebański-Demiański space-times there are four constants
of motion, namely ǫ = gµν ẋ

µẋν with ǫ = 1 for timelike and ǫ = 0 for null geodesics,
conserved energy per unit mass E given by the generalized momenta pt, conserved
angular momentum per unit mass in z direction Lz given by pϕ, and the Carter
constant K obtained by the separation process of the Hamilton-Jacobi equation. It
is convenient to introduce the dimensionless quantities

r̄ =
r

M
, t̄ =

t

M
, ā =

a

M
, L̄z =

Lz

M
, K̄ =

K

M2
,

Λ̄ =
1

3
ΛM2, n̄ =

n

M
, Q̄e =

Qe

M
, Q̄m =

Qm

M

(4.4.3)

and accordingly

∆r̄,PD =
(

1 − Λ̄(r̄2 + 3n̄2)
)

(r̄2 + ā2 − n̄2) − 2r̄ + Q̄2
e + Q̄2

m − 4Λ̄n̄2r̄2 ,

(∆r,PD = M2∆r̄,PD) , (4.4.4)

∆θ,PD = 1 + ā2Λ̄ cos2 θ − 4ān̄Λ̄ cos θ ,

with which the geodesic equation can be reduced to ordinary differential equations.
(Here we not consider the motion of charged test particles which can be treated
analogously, see [57].) In addition, these equations can be decoupled in terms of the
normalized Mino time γ = λM , where λ is related to the proper time τ by dτ

dλ
= ρ2

PD,
yielding

(

dr̄

dγ

)2

= P
2(r̄) − ∆r̄,PD(ǫr̄2 + K̄) =: R̄PD(r̄) , (4.4.5)

(

dξ

dγ

)2

= ∆θ,PD(1 − ξ2)
(

K̄ − ǫ(n̄ − āξ)2
)

− T(θ)2
PD =: Θξ(ξ) , (4.4.6)

dϕ

dγ
=

ā

∆r̄,PD

P(r)PD − 1

∆θ,PD sin2 θ
T(θ)PD , (4.4.7)

dt̄

dγ
=

r̄2 + ā2 + n̄2

∆r̄,PD

P(r)PD − ā sin2 θ + 2n̄ cos θ

∆θ,PD sin2 θ
T(θ)PD , (4.4.8)

where ξ = cos θ and

P(r̄)PD = (r̄2 + ā2 + n̄2)E − āL̄z ,

T(θ)PD = (ā sin2 θ + 2n̄ cos θ)E − L̄z ,
(4.4.9)

which reduce to (4.2.12) in the case of Kerr or Kerr-de Sitter space-time. Both of the
polynomials R̄ and Θξ are in general of degree 6 and, thus, Eqs. (4.4.5) and (4.4.6)
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4. Geodesics in axially symmetric space-times

are of hyperelliptic type and first kind. After inserting r̄(γ) and θ(γ) into Eqs. (4.4.7)
and (4.4.8) they will be of hyperelliptic type and third kind. Therefore, the equations
of motions in Plebański-Demiański space-times can be completely analytically solved
with the methods used earlier in this chapter (as also shown in [80]).

A standard substitution ξ = ± 1
u

+ ξΘ, where ξΘ is a zero of Θξ, transforms
Eq. (4.4.6) to the standard form (udu

dγ
)2 = cθΘu for a constant cθ and a polynomial

Θu of degree 5. The solution of Eq. (4.4.6) for θ is then given by

θ(γ) = arccos

(

∓ σ2

σ1

(

f(γ − γθ,in)
γ − γθ,in

)

+ ξΘ

)

, (4.4.10)

where the sign in (4.4.10) is the same as in the substitution ξ = ± 1
u
+ξΘ. Note that in

contrast to the axially symmetric space-times considered so far in this chapter, here
the motion in θ direction is in general not symmetric with respect to the equatorial
plane.

The same type of substitution r̄ = ± 1
u

+ r̄R with a zero r̄R of R̄PD casts R̄PD in
the standard form (udu

dγ
)2 = cr̄Ru, where cr̄ is a constant and Ru a polynomial of

degree 5. The solution of (4.4.5) can be written as

r̄(γ) = ∓σ2

σ1

(

f(γ − γr̄,in)
γ − γr̄,in

)

+ r̄R , (4.4.11)

where the sign again depends on the one chosen in the substitution. Here and
in (4.4.10) the function f describes the theta divisor, i.e. σ(( f(x)

x ) ; τ) = 0, which
depends on the normalized period matrix τ which in turn depends on the polynomials
Θξ for the θ motion and on R̄PD for the r̄ motion.

The equations for ϕ and t̄ can be solved analogously to (4.3.37) and (4.3.54). The
solution for (4.4.7) is given by

ϕ − ϕ0 = Iϕ,r̄ + Iϕ,θ . (4.4.12)

Here the integral Iϕ,r̄ can be solved by

Iϕ,r̄ = − āu0√
cr̄|u0|

{

C r̄
1(w − w0) + C r̄

0(f(w) − f(w0))

+
4

∑

i=1

C r̄
2,i

√

Ru(ui)

[

1

2
log

σ(W+(w))

σ(W−(w))
− 1

2
log

σ(W+(w0))

σ(W−(w0))

−
(

f(w) − f(w0), w − w0

)

(

∫ u+
i

u−

i

d~r

)

]}

, (4.4.13)
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where the notation is as in (4.3.53), and the integral Iϕ,θ by

Iϕ,θ = − u0√
cθ|u0|

{

Cθ
1(w − w0) + Cθ

0(f(w) − f(w0))

+
4

∑

i=1

Cθ
2,i

√

Θu(ui)

[

1

2
log

σ(W+(w))

σ(W−(w))
− 1

2
log

σ(W+(w0))

σ(W−(w0))

−
(

f(w) − f(w0), w − w0

)

(

∫ u+
i

u−

i

d~r

)

]}

, (4.4.14)

where ui are the zeros of ∆θ=arccos(±u−1−ξΘ),PD, u0 is the initial value u0 = (cos(θ0)−
ξΘ)−1), Cθ

0 , C
θ
1 , and Cθ

2,i are the coefficients of the partial fractions of u0, u1 and
(u − ui)

−1, respectively, which can be obtained by a computer algebra system. The
notation of w, w0, and W± are the same as in (4.3.53). The solution of Eq. (4.4.8)
can be written in the same way with the appropiate partial fractions.

Therefore we succeeded in obtaining the complete analytic solution of the geodesic
equation in all Plebański-Demiański black hole space-times without acceleration. An
analysis of possible orbit types in these space-times is very voluminous due to the
large number of parameters, which are the four constants of motion ǫ, E, L̄z, and K̄
as well as the five parameters characterizing this class of space-times ā, Λ̄, Q̄e, Q̄m,
and n̄ (the mass is absorbed through the rescaling (4.4.3)). However, an analysis
for the special cases of spherical symmetric space-times can be found in Chap. 3, for
the cases of Kerr and Kerr-de Sitter space-times in this chapter, and for Taub-NUT-
de Sitter space-time corresponding to ā = 0, Q̄e = 0, and Q̄m = 0 in [80]. As the
Plebański-Demiański black hole solutions exhaust all electrovac type-D solutions and
the analytical solutions of the geodesic equations in Plebański-Demiański space-times
without accelearation was given above, it can be concluded that the analytic solutions
of the geodesic equations in all electrovac type-D space-times without acceleration
can explicitly be given.
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CHAPTER 5

Summary and Outlook

5.1 Summary

The aim of this thesis was to study the influence of the cosmological constant on
geodesics in the black hole space-times of Schwarzschild, Reissner-Nordström, and
Kerr. All calculations were carried out by using analytical methods, which enabled
a systematic study of effects and assured an, in principle, unlimited calculational
accuracy. Both timelike and null geodesics were discussed including some particular
interesting orbits like the innermost stable circular orbit, and analytic expressions
for observables were derived.

The foundations of the mathematical methods used in this thesis are known since
the 19th century and were outlined here in the second chapter. In particular, the
theory of elliptic function was used already in 1931 to solve geodesic equations in
Schwarzschild space-time. However, solutions of the more complicated geodesic equa-
tions containing polynomials of a degree up to six, namely those in space-times with
a nonvanishing cosmological constant, require the theory of hyperelliptic functions.
Here a new aspect enters with the introduction of the theta divisor, which is defined
as the set of zeros of a theta function. Usually, it was assumed that the given prob-
lem is not defined on the theta divisor, but in the cases considered here the contrary
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holds and is the key element for the solution method. This application of the theta
divisor was first used in [51] for the case of a double pendulum.

In the following chapters, the mathematical methods were applied to the geodesic
equation corresponding to different solutions of Einstein’s field equations. At first,
the geodesic equations in spherically symmetric space-times, namely the Schwarz-
schild, Reissner-Nordström, and their generalizations to a nonvanishing cosmological
constant were considered. Although the geodesic motion in Schwarzschild space-time
was analyzed in detail long before by Hagihara [6], a treatise of the same complete-
ness was given only recently for Reissner-Nordström space-times by Slezáková [15],
where the analytical solutions of the geodesic equation were given in terms of Ja-
cobi elliptic functions. In this thesis, not only the almost complete set of orbits was
analyzed but also the analytical solutions for the most general cases of geodesic mo-
tion for both timelike and null geodesics were derived in terms of Weierstrass elliptic
functions. The only types of orbits not considered here are the motions of charged
particles treated, for example, in [14].

On the contrary, the complete analytical treatment of geodesic motion in the
corresponding space-times with a nonvanishing cosmological constant is entirely new.
In this thesis for the first time the complete set of orbits in Schwarzschild-(anti-)
de Sitter and Reissner-Nordström-(anti-)de Sitter space-times were classified and
the general analytical solution for the geodesic equation presented. In addition, an
approximation of the periastron advance of bound orbits for a small cosmological
constant was derived in Schwarzschild-de Sitter space-time, applied to the orbital
data of Mercury and Quasar QJ287, and in the first case compared to earlier results
[40]. As a further application of the analytical results the influence of the cosmological
constant on the Pioneer 10 and 11 spacecraft was computed and found to be too small
to produce a measureable effect. Finally, it was demonstrated that the methods
developed and applied in this chapter can also be used to integrate the geodesic
equation in up to seven-dimensional Schwarzschild space-times. This can even be
extended to more general higher-dimensional space-times as shown in [53].

In the fourth chapter the methods presented and developed in the foregoing chap-
ters were applied to more general axially symmetric space-times, i.e. to Kerr as well
as Kerr-(anti-)de Sitter space-time and even to the wide class of Plebański-Demiański
space-times. A major difficulty compared to the spherical symmetric space-times con-
sidered before is the need for a fourth constant of motion, the Carter constant [11].
The geodesic motion in Kerr space-time was investigated since the metric was discov-
ered in 1963, but due to the coupled character of the equations and the complexity of
the space-time a number of special classes of geodesics were analyzed instead of con-
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sidering the most general case. Again, a complete analytical treatment was presented
only recently by Slezáková [15] using Jacobi elliptic functions. However, Slezáková
was obviously not aware of a major simplification of the equations of motion in Kerr
space-time first presented in 2003 by Mino [30], which decouples the equations and
allows to explicitly solve the equations of motions in terms of an affine parameter. In
this thesis, this approach was used to formulate the most general analytical solution
of the geodesic equation in Kerr space-time in terms of Weierstrass elliptic functions
depending on an affine parameter, the Mino time. Also, the complete set of orbits
for slowly rotating Kerr black holes was classified in terms of the parameters of the
test particle or light ray.

The generalization of these results to the case of a nonvanishing cosmological con-
stant could in principle be done in the same way as the generalization in the spheri-
cally symmetric case. However, two difficulties arise here. The first is connected to
the Carter constant derived in the separation process of the Hamilton-Jacobi equa-
tion. For a vanishing cosmological constant there are two forms of this constant one
of which is directly related to the geometry of the geodesic [14]. Although for a
nonvanishing cosmological constant only the other one of these two forms emerges
from the separation process, it was shown in this thesis that for a positive and, to
some extend, for a negative cosmological constant the Carter constant is neverthe-
less related to the geometry of the orbit. The second difficulty is connected to the
fact that in contrast to the spherically symmetric case, the radial and latitudinal
coordinate can not be directly expressed in terms of the azimuthal angle, which in-
troduces hyperelliptic integrals of third kind. This issue could be solved and, thus,
the analytical solution of the geodesic equation in Kerr-(anti-)de Sitter space-time
could be presented for the first time in this thesis. Furthermore, the differences
between the geodesic motion in Kerr and Kerr-de Sitter space-times were analyzed
and a procedure for the determination of the last stable spherical and the innermost
circular orbit in the equatorial plane was outlined. The properties of the analytical
solution were used to determine analytic expressions for observables in Kerr-de Sitter
space-time, namely the deflection angle of flyby orbits and the periastron advance
as well as the Lense-Thirring effect of bound orbits. Last but not least, the methods
used so far were also applied to the general class of Plebański-Demiański electrovac
space-times without acceleration of the gravitating object, which exhaust all space-
times with integrable equation of motions. Therefore, it was shown in this thesis
that in all space-times with integrable equations of motion an analytical solution can
indeed be found.

For the explicit calculation of orbits in the mentioned space-times several work-
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sheets for the computer algebra system Maple were created. The contents of these
worksheets were prepared as Maple packages and stored in library files. This enables
the portability of the program and guarantees an easy access also for unexperienced
users. It proved to be an important tool for the verification of the analytical so-
lutions and enhanced the intuitive understanding of the dynamics in the different
space-times.

5.2 Outlook

The work accomplished in this thesis can be continued in a number of ways, namely
by improvements of the used methods, enhanced discussion of geodesics and observ-
ables in space-times with nonvanishing cosmological constant, and application of the
methods developed here to geodesic motion in more general space-times and the
effective one-body formalism.

Improvement of methods A key element of the analytical solution of the geodesic
equation in space-times with a nonvanishing cosmological constant is the concept of
the theta divisor. However, its definition is rather implicit and not well suited for
computations. It would be a major improvement of the solution method to formulate
this complex one-dimensional submanifold in terms of charts or as the graph of a
differentiable function (using the implicit function theorem). If it will turn out that
this differentiable function can not be expressed in a closed form, at least it should be
possible to find a series expansion. More precisely, as exp(Re((m + g)t(iτ)(m + g)t))
becomes small for large |m| (see (2.3.1)), the expression (2.3.4) can be approximated
by considering only small |m| and may then be solved for z1 depending on z2 or vice
versa.

Another important aspect of this method is the definition and computation of the
periodicity of the resulting solutions, which is directly connected to the period matrix
of the vector of holomorphic differentials on the corresponding Riemann surface. As
explained in this thesis, this periodicity also defines the observables connected with
the trajectory of a geodesic, i.e. the periastron advance and the Lense-Thirring effect.
Therefore, it is desireable to solve the integrals defining the period matrix in terms
of analytic functions. Hints for a realization can be found in [91].

So far the analytical solution methods presented in this thesis are limited to
hyperelliptic problems with an underlying polynomial of degree 6 or lower. However,
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the equations of motion in some higher-dimensional spherically symmetric space-
times and maybe also in some of the generalized space-times discussed below contain
polynomials of a higher degree. These types of equations can not be solved using
the restriction to the theta divisor discussed in Sec. 3.3.1.2, as this is a manifold of
complex dimension two or higher in these cases. Hints for a generalization of the
solution method to these cases can be found in [51].

Enhanced discussion of geodesics and observables The results of this thesis
can be viewed as the starting point for the analysis of several features of geodesics in
space-times with a nonvanishing cosmological constant not treated here. Although
mathematical analogous to the case of slow Kerr-de Sitter a complete discussion of
orbits in fast and extreme Kerr-de Sitter space-times may lead to special features.
This was carried out for the fast case [92] but should be extended also to the extreme
case. It would also be interesting to study bound geodesics crossing r̄ = 0 (and
maybe also the Cauchy horizon for positive r̄) in general and, in particular, their
causal structure. In this context the analysis of closed timelike trajectories is also of
interest. In addition, we did not consider geodesics lying entirely on the axis θ = 0, π
or even crossing it, yet. Until now, we only considered the Boyer-Lindquist form of
the Kerr-de Sitter metric which is not a good choice for considering geodesics which
fall through a horizon. Therefore, for future work it would be interesting to use a
coordinate-singularity free version of the metric.

Analytic solutions are the starting point for approximation methods for the de-
scription of real stellar, planetary, comet, asteroid, or satellite trajectories (see e.g.
[93]). In particular, it is possible to derive post-Kerr, post-Schwarzschild, or post-
Newton series expansions of analytical solutions. In addition to the series expansion
of the periastron advance in Schwarzschild-de Sitter space-time in terms of Λ pre-
sented in Sec. 3.3 it would be interesting to derive post-Kerr, post-Schwarzschild, or
post-Newton expressions for this and other observables. Due to the high precission,
the analytical expressions for observables in space-times with a nonvanishing Λ may
be used for comparisons with observations where the influence of the cosmological
constant might play a role. This could be the case for stars moving around the
galactic center black hole or binary systems with extreme mass ratios where one
body serves as test particle.

Due to the, in principle, arbitrary high accuracy of analytic solutions of the
geodesic equation they can also serve as test beds for numerical codes for the dy-
namics of binary systems in the extreme stellar mass ratio case (extreme mass ratio
inspirals, EMRIs) and also for the calculation of corresponding gravitational wave
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templates. For the case of Kerr space-time with a vanishing cosmological constant
it has already been shown that gravitational waves from EMRIs can be computed
more accurately by using analytical solutions than by numerical integration [42].

Generalized space-times and effective one-body formalism The methods
for obtaining analytical solutions of geodesic equations presented in this thesis can
also be applied to other space-times. Indeed, they have already been used to solve
the geodesic equations in higher-dimensional static spherically symmetric space-times
[53] and to a Schwarzschild black hole pierced by a cosmic string [94]. It will also be
interesting to apply the presented methods to higher-dimensional stationary axially
symmetric space-times like the Myers-Perry solutions and to generalize the results
of [94] to stationary space-times or to a nonvanishing cosmological constant. In par-
ticular, the Plebański-Demiański space-time without acceleration treated in Sec. 4.4
and all its special cases could be elaborated [80, 95]. For the case of Taub-NUT and
Taub-NUT-de Sitter space-time this work is already in progress [96] including an
extensive discussion of geodesic incompleteness.

The same structure of equations solved in this thesis is also present in the geodesic
equation of the effective one-body formalism of the relativistic two-body problem.
The effective metric in this formalism can be described as a perturbed Schwarzschild
or Kerr metric, where the perturbation is given in powers of the radial coordinate
r [97, 98, 99]. Therefore, it can be expected that the polynomial appearing in the
resulting equations of motion will have a higher degree than the corresponding poly-
nomial in the Schwarzschild or Kerr case and, thus, that analytical solutions of these
equations will require the use of hyperelliptic instead of elliptic functions. A similar
situation can be found in the expressions of axisymmetric gravitational multipole
space-times. For example, some types of geodesics in Erez-Rosen space-time, which
reduces to the Schwarzschild case if the quadrupole moment is neglected, were al-
ready solved analytically [100, 101]. Probably, the methods presented in this thesis
will be helpful to solve geodesics in space-times with higher order multipoles.
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APPENDIX A

Calculation of elliptic integrals of third kind

In this appendix we will give the details for the calculation of elliptic integrals of the
third kind (see also (2.1.17))

∫ y2

y1

f(y) dy
√

4y3 − g2y − g3

=

∫ v2

v1

f(℘(v))dv , (A.0.1)

where g2, g3 are the Weierstrass invariants, f is a rational function, and the sign
of the square root is chosen according to the sign of ℘′. The different choices of f
discussed in the following sections correspond to different problems discussed in this
thesis. For solving the integral (A.0.1) the function f will be expressed in terms of
the Weierstrass ζ function as well as the Weierstrass ℘ function and its derivatives
along the lines of Thm. 2.5. The reason is that these functions can be integrated
easily since ζ ′ = −℘ and (log σ)′ = ζ, where σ is the Weierstrass σ-function:

∫

γ

℘(v − v0)dv = ζ(γ(0) − v0) − ζ(γ(1) − v0) , (A.0.2)

∫

γ

ζ(v − v0)dv = log σ(γ(1) − v0) − log σ(γ(0) − v0) , (A.0.3)

where γ(0) = v1 and γ(1) = v2 (the branches of log will be discussed later).
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Although the integration procedure for (A.0.1) is not complicated, often lengthy
calculations are necessary to obtain the constants An

i defined in Thm. 2.5, i.e. to
find the representation of an elliptic function in terms of the Weierstrass ζ function
and its derivatives. These calculation are explicitly carried out in this appendix for
the case of the post-Schwarzschild periastron advance presented in Sec.3.3.1.3 and
for a generic case which can easily be matched to all other elliptic integrals of third
kind discussed in this thesis.

A.1 General solution procedure

In this section we present the general solution procedure for an elliptic integral of
third kind and demonstrate it for an example. We consider

∫ v

v0

dv

c1℘(v) − c2

=:

∫ v

v0

f(v)dv , (A.1.1)

where c1 and c2 are constant. By using some substitutions and a partial fraction de-
composition this generic case can easily be adapted to the integrals (4.2.34), (4.2.40),
(4.2.43), the θ dependent part of (4.3.54) and (for null geodesics) (4.3.42) as well as
the r dependent part of (4.3.54).

The function f has poles of first order at v1, v2 ∈ {2tω + 2sω′ | 0 ≤ t, s < 1} with
the periods 2ω ∈ R, 2ω′ ∈ C of ℘, where ℘(vj) = c2

c1
. (This means that v2 = 2ω − v1

if v1 = 2tω, v2 = 2ω′ − v1 if v1 = 2sω′, and v2 = 2ω + 2ω′ − v1 else.) Therefore, in a
neighborhood of vj the function f is given by

f(v) =
aj

v − vj

+ holomorphic part (A.1.2)

whereas (c1℘(v) − c2) expands in this neighborhood as

c1℘(v) − c2 = c1℘
′(vj)(v − vj) + higher orders . (A.1.3)

The combination of these two expansions can now be used to determine the constants
An

i defined in Thm. 2.5. A comparison of coefficients yields

1 = f(v)(c1℘(v) − c2) = ajc1℘
′(vj) ⇒ aj =

1

c1℘′(vj)
. (A.1.4)
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A. Calculation of elliptic integrals of third kind

Because ζ is an elliptic function with a simple pole in 0 with residue 1 this implies
that

f(v) −
2

∑

j=1

ζ(v − vj)

c1℘′(vj)
(A.1.5)

is an elliptic function without poles and, therefore (see Thm. 2.2), equal to a constant
A, which can be computed using f(0) = 0. From this it can be inferred that

f(v) =
2

∑

j=1

ζ(v − vj) + ζ(vj)

c1℘′(vj)
. (A.1.6)

By the formula (A.0.3) f can then be integrated to

∫ v

v0

f(v)dv =
2

∑

j=1

ζ(vj)(v − v0) + log σ(v − vj) − log σ(v0 − vj)

c1℘′(vj)
. (A.1.7)

Note that ℘′(vj) can be expressed in terms of c1 and c2 by using the relation ℘′(vj) =

±
√

4℘(vj)3 − g2℘(vj) − g3 = ±
√

4
c32
c31
− g2

c2
c1
− g3.

In general, the elliptic integrals of third kind to be solved in this thesis arrived at
the form (A.1.1) by substitutions of the form x = g(y) and y = ℘(v), where x denotes
a space-time coordinate and g a rational function. Furthermore, the substitution
x = g(y) was in general applied before to an integral of first kind, with the result
that y = ℘(γ − γin) for an affine parameter γ (the normalized Mino time) and a
constant γin depending on the initial values of the problem. This allows to substitute
v = γ−γin (modulo periods) and accordingly v0 = v(γ0) in Eq. (A.1.7), what results
in

∫ v

v0

f(v)dv =
2

∑

j=1

1

c1℘′(vj)

(

ζ(vj)(γ − γ0)

+ log σ(γ − γin − vj) − log σ(γ0 − γin − vj)
)

. (A.1.8)

As an example, consider the integral Ir in Eq. (4.2.34). The corresponding integral
of first kind

∫ r̄

r̄0

dr̄√
R̄K

was solved in 4.2.2 with substitutions r̄ = 1
ξ

+ r̄K and ξ =

1
a3

(

4y − a2

3

)

. The solution for y was then given by y = ℘(γ − γr,in). As the same
substitutions and additionally y = ℘(v) were used to cast the integral Ir in the
standard form as a sum of terms (A.1.1), the result y = ℘(γ − γr,in) can be used to
express Ir in terms of γ.
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A.1. General solution procedure

Example We explicitly demonstrate the generic solution procedure explained above
for the conrete integral (4.2.40)

Iθ := −|a3|
a3

[

āE(v − v0) +

∫ v

v0

a3L̄zdv

4℘(v) − a3 − a2

3

]

,

where a3 and a2 are some constants.

Here the function f from (A.0.1) is given by

f(v) =
1

4℘(v) − c
, (A.1.9)

where c = a3 + a2

3
= 4

(

1
3
(2āE(āE − L̄z) − K̄ − ǫā2) − ā2(E2 − ǫ)

)

. The function f
has poles of first order at v1, v2 ∈ {tω + sω′ | 0 ≤ t, s < 1} with the periods ω, ω′ of
℘, where ℘(vj) = c

4
. Therefore, in a neighborhood of vj the function f is given by

f(v) =
aj

v − vj

+ holomorphic part (A.1.10)

and the expression (4℘(v) − c) by

4℘(v) − c = 4℘′(vj)(v − vj) + higher orders . (A.1.11)

The combination of these two expansions yields

1 = f(v)(4℘(v) − c) = aj4℘
′(vj) ⇒ aj =

1

4℘′(vj)
. (A.1.12)

Because ζ is an elliptic function with a simple pole in 0 with residue 1 this implies
that

f(v) −
2

∑

j=1

ζ(v − vj)

4℘′(vj)
(A.1.13)

is an elliptic function without poles, and, therefore, equal to a constant A, which can
be computed using f(0) = 0. The yields

f(v) =
2

∑

j=1

ζ(v − vj) + ζ(vj)

4℘′(vj)
. (A.1.14)

145



A. Calculation of elliptic integrals of third kind

Then f can be integrated giving

∫ v

v0

f(v)dv =
2

∑

j=1

1

℘′(vj)
(ζ(vj)(v − v0) + log σ(v − vj) − log σ(v0 − vj)) . (A.1.15)

Here ℘′(vj) can be expressed in terms of c by using ℘(vj) = c
4

and the differential
equation (2.1.2). We insert this result in (4.2.40):

Iθ = −|a3|
a3

[

āE(v − v0) +
a3L̄z

4

2
∑

j=1

1

℘′(vj)
(

ζ(vj)(v − v0) + log σ(v − vj) − log σ(v0 − vj)

)]

. (A.1.16)

Because ℘(v) = y and y(γ) = ℘(γ − γθ,in), which was derived in the solution process
of the θ equation (see (4.2.30)), it can be inferred that v = γ − γθ,in modulo periods.
This implies

Iθ(γ) = −|a3|
a3

[

āE(γ − γ0) +
a3L̄z

4

2
∑

j=1

1

℘′(vj)
(

ζ(vj)(γ − γ0) + log σ(γ − γj) − log σ(γ0 − γj)

)]

(A.1.17)

modulo the periods ω, ω′ and the periods of second kind η, η′. (More precisely, these
periods are multiplied by the constant factors in this equation. See also (2.1.16))
Here ℘(γj − γθ,in) = a3

4
+ a2

12
.

A.2 Post-Schwarzschild periastron advance

For an integration of the second term on the right hand side in (3.3.40), which can
be transformed to (3.3.45), the functions

F1(v) =
1

PW (℘(v))
=

1

(℘′(v))2
,

F2(v) =
1

(2℘(v) + 1
6
)2PW (℘(v))

=
1

(2℘(v) + 1
6
)2(℘′(v))2

(A.2.1)

146



A.2. Post-Schwarzschild periastron advance

have to be integrated along a path γ with γ(0) = v1 and γ(1) = v1 + 2ω, where ω is
the purely real period of the ℘ function. Due to the periodicities

ζ(z + 2ω) = ζ(z) + 2η , (A.2.2)

σ(z + 2ω) = e2η(z+ω)+πiσ(z) , (A.2.3)

Eqs. (A.0.2) and (A.0.3) can be rewritten as
∫

γ

℘(v − v0)dv = −2η , (A.2.4)

∫

γ

ζ(v − v0)dv = 2η(v1 − v0 + ω) + πi + 2πik (A.2.5)

for a k ∈ Z, where η is the period of second kind.

Integration of F1: The function F1 only possesses poles of second order in ρ1 = ω′,
ρ2 = ω′ + ω, ρ3 = ω (see Fig. 3.14). In a neighborhood of ρj, the function F1 can be
expanded as

F1(v) =
aj2

(v − ρj)2
+

aj1

v − ρj

+ holomorphic part . (A.2.6)

Since ℘′(ρj + z)2 = ℘′(ρj − z)2 for all j and z, F1 is symmetric with respect to all
ρj and, therefore, depends only on even powers of (v − ρj) implying aj1 = 0. The
constant aj2 can be evaluated by a comparison of coefficients. For this, we note that
℘′(ρj) = 0 = ℘′′′(ρj) and, thus,

℘′(v) = ℘′′(ρj)(v − ρj) +
∞

∑

i=3

ci(v − ρj)
i (A.2.7)

in a neighborhood of ρj and for some constants ci. If we square both sides of the
equation, we see that ℘′2 contains only even powers of (v − ρj) larger than 1. It
follows

1 = F1(v)℘′(v)2 = aj2℘
′′(ρj)

2 + higher powers of (v − ρj) . (A.2.8)

From that it follows aj2 = 1
℘′′(ρj)2

for all j. The function ℘(v − ρj) has only one pole

of second order in ρj with zero residue. Therefore, the difference

F1(v) −
3

∑

j=1

aj2℘(v − ρj) (A.2.9)
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is a holomorphic elliptic function and, thus, constant by Thm. 2.2. This yields

F1(v) =
3

∑

j=1

aj2℘(v − ρj) + c1 . (A.2.10)

The constant c1 can be determined by F1(0) = 0 using the relation ℘(−ρj) = ℘(ρj) =
yj:

c1 = −
3

∑

j=1

aj2yj . (A.2.11)

In summary, we obtain

∮

A

dy

PW (y)
√

PW (y)
=

∫

γ

F1(v)dv

=

∫

γ

3
∑

j=1

aj2(℘(v − ρj) − yj)dv

=
3

∑

j=1

1

℘′′(ρj)2

(
∫

γ

℘(v − ρj)dv − 2ωyj

)

=
3

∑

j=1

1

℘′′(ρj)2
(−2η − 2ωyj) . (A.2.12)

Integration of F2: The function F2 possesses poles of second order in ρ1 = ω′,
ρ2 = ω′ + ω, ρ3 = ω and in all v0 ∈ R such that ℘(v0) = − 1

12
. Since we assumed

that the considered orbit is bound, all zeros of PSdS have to be positive and, thus,
− 1

12
< y1 < y2 < y3. This means that 0 < Im(v0) < Im(ρ1). The function ℘ is even

and, hence, also ṽ0 := 2ω′ − v0 ∈ R is a pole of second order (see Fig. 3.14).

Since ℘ is symmetric with respect to ρj, the function F2 can be expanded in the
same way as above as

F2(v) =
aj2

(v − ρj)2
+ holomorphic part (A.2.13)

in a neighborhood of ρj. An expansion of (2℘(v) + 1
6
)℘′(v) near ρj yields

(

2℘(v) + 1
6

)

℘′(v) = αj1(v − ρj) + αj2(v − ρj)
2 + higher orders (A.2.14)
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because of ℘′(ρj) = 0. The coefficients are given by

αj1 =
((

2℘(v) + 1
6

)

℘′(v)
)′

v=ρj
=

(

2yj + 1
6

)

℘′′(ρj)

αj2 =
((

2℘(v) + 1
6

)

℘′(v)
)′′

v=ρj
= 0 .

(A.2.15)

A comparison of coefficients

1 = F2(v)
((

2℘(v) + 1
6

)

℘′(v)
)2

= aj2α
2
j1 + higher powers of (v − ρj) (A.2.16)

yields

F2(v) =
1

(v − ρj)2

((

2yj + 1
6

)

℘′′(ρj)
)−2

+ holomorphic part (A.2.17)

in a neighborhood of ρj.

The same procedure will be carried out for v0 and ṽ0. We have

F2(v) =
b2

(v − v0)2
+

b1

v − v0

+ holomorphic part (A.2.18)

and

(

2℘(v) + 1
6

)

℘′(v) = β1(v − v0) + β2(v − v0)
2 + higher orders (A.2.19)

near v0. The coefficients of (A.2.19) read

β1 = 2℘′(v0)
2

β2 = 3℘′(v0)℘
′′(v0) .

(A.2.20)

Again, a comparison of coefficients

1 = F2(v)
((

2℘(v) + 1
6

)

℘′(v)
)2

= b2β
2
1 + (2b2β1β2 + b1β

2
1)(v − v0) + higher orders (A.2.21)

yields

b2 = β−2
1 =

1

4℘′(v0)4

b1 = −2β1β2b2β
−2
1 = −2β2β

−3
1 = −3

4

℘′′(v0)

℘′(v0)5
.

(A.2.22)
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In a neighborhood of ṽ0, the function F2 is given by

F2(v) =
b̃2

(v − ṽ0)2
+

b̃1

v − ṽ0

+ holomorphic part . (A.2.23)

As ℘′ is an odd and ℘′′ an even function we get for the coefficients of the expansion
of (2℘(v) + 1

6
)℘′(v) near ṽ0 with ṽ0 = 2ω′ − v0 the relations

β̃1 = β1, β̃2 = −β2 (A.2.24)

and, therefore,

b̃1 = −b1, b̃2 = b2 . (A.2.25)

Summarized, the function

g2(v) :=
3

∑

j=1

aj2℘(v − ρj) + b2(℘(v − v0) + ℘(v − ṽ0))

+ b1(ζ(v − v0) − ζ(v − ṽ0)) (A.2.26)

has the same poles with the same coefficients as F2. Therefore, F2 − g2 is a holomor-
phic elliptic function and, thus, equal to a constant c2 by Thm. 2.2. This constant
can be determined by the condition 0 = F2(0) = g2(0) + c2 which yields

c2 = −
3

∑

j=1

aj2yj − 1
6
b2 + b1(−ζ(v0) + ζ(ṽ0)) . (A.2.27)

As a consequence,

F2(v) =
3

∑

j=1

aj2(℘(v − ρj) − yj) + b2(℘(v − v0) + ℘(v − ṽ0) + 1
6
)

+ b1(ζ(v − v0) − ζ(v − ṽ0) + ζ(v0) − ζ(ṽ0)) . (A.2.28)

Now we can carry out the integration of the second term on the right hand side
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A.2. Post-Schwarzschild periastron advance

of (3.3.45):

∫

γ

F2(v)dv =
3

∑

j=1

aj2

(
∫

γ

℘(v − ρj)dv − 2ωyj

)

+ b2

∫

γ

℘(v − v0) + ℘(v − ṽ0)dv

+ b2
3
ω + b1

∫

γ

ζ(v − v0) − ζ(v − ṽ0)dv + 2b1ω(ζ(v0) − ζ(ṽ0))

=
3

∑

j=1

−2aj2(η + yjω) + b2

(

1
3
ω − 4η

)

+ 2b1ω(ζ(v0) − ζ(ṽ0))

+ b1(2η(ṽ0 − v0) + 2πi(k1 − k2))

=
3

∑

j=1

−2aj2(η + yjω) + b2

(

1
3
ω − 4η

)

+ 2b1ω(2ζ(v0) − 2η′)

+ b1(2η(2ω′ − 2v0) + 2πi(k1 − k2)) . (A.2.29)

The difference (k1 − k2) can be calculated as follows. First note that via u =
2℘(v)+ 1

6
, v0 corresponds to u = 0 and v1 to u = u1. Since 0 < u1 for the bound orbits

under consideration we have Im(v0) < Im(v1) < Im(ṽ0). Let now l be determined by

∫ v2+2ω

v2

ζ(v − ṽ0)dv = 2η(v2 − ṽ0 + ω) + πi + 2πil , (A.2.30)

where v2 ∈ i ·R is such that Im(v2) > Im(ṽ0) > Im(v1) > Im(v0). From

(i) l does not depend on ṽ0 as long as Im(ṽ0) < Im(v2) holds and, thus,

∫ v2+2ω

v2

ζ(v − v0)dv = 2η(v2 − v0 + ω) + πi + 2πil (A.2.31)

and

(ii) (A.2.31) holds also for v2 replaced by v1 by Cauchy’s integral formula for the
rectangle with corners v1, v1 + 2ω, v2 + 2ω, and v2

it follows that l = k1.

We show now that k2 = l+1 and, thus, k2 = k1+1. Consider the counterclockwise
oriented rectangle with corners v1, v1 +2ω, v2 +2ω, and v2. Let c be the boundary of
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this rectangle but with a two symmetric small bumps such that c encircles the pole
ṽ0 of ζ(v − ṽ0) with residue 1, but not ṽ0 + 2ω. Then the residue theorem gives

2πi =

∮

c

ζ(v − ṽ0)dv

=

∫ v1+2ω

v1

ζ(v − ṽ0)dv +

∫ v2+2ω

v1+2ω

ζ(v − ṽ0)dv +

∫ v2

v2+2ω

ζ(v − ṽ0)dv

+

∫ v1

v2

ζ(v − ṽ0)dv

=

∫ v1+2ω

v1

ζ(v − ṽ0)dv −
∫ v2+2ω

v2

ζ(v − ṽ0)dv + 2η(v2 − v1)

= 2η(v1 − ṽ0 + ω) + πi + 2πik2 − (2η(v2 − ṽ0 + ω) + πi + 2πil) + 2η(v2 − v1)

= 2πi(k2 − l) . (A.2.32)

With the Legendre relation 4(ηω′ − η′ω) = 2πi we finally obtain

∫

γ

F2(v)dv =
3

∑

j=1

−2(η + yjω)
(

2yj + 1
6

)2
℘′′(ρj)2

+
ω − 12η

12℘′(v0)4

+ 3
℘′′(v0)

℘′(v0)5
(ηv0 − ωζ(v0)) . (A.2.33)

Note that though the values ℘′(v0)
5, v0 and ζ(v0) appearing in the last part of the

right-hand side are all purely imaginary, the hole term is real.
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APPENDIX B

Maple program

The orbit plots in the various space-times discussed in this thesis (Figs. 3.4, 3.5,
3.8, 3.9, 3.12, 3.13, 3.19, 4.7, 4.8) were computed using the Maple computer algebra
system. In this chapter, the modules created for this purpose are presented and
explained. Each of these modules has a number of exported procedures which are
’public’ and can be used outside the module as well as some local procedures which
are ’private’ to the module and are used by the exported procedure to produce results.
In the following, only the source code of the procedures is displayed. To collect them
in modules, copy all exported and local procedures of a module to a Maple worksheet
of the following form.
> restart:

> libdir:="<path to own libraries>":

> libname:=libname,libdir:

> <modulename>:=module()
export <list of exported procedures>:
option package;
<exported procedures>
<local procedures>
end module:

> savelibname:=cat(libdir,"/<modulename>.mla"):

> LibraryTools[Save](’<modulename>’,savelibname);
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B. Maple program

By executing such a worksheet, a library file corresponding to the module is
created. This module has the ’package’ option which means that the exported pro-
cedures of the module are available by adding <libdir> to the global variable <lib-
name> and executing the with(<modulename>) statement. The top-level module of
this software package is SolveGeodesics. An example worksheet for using it can be
found below.

> restart:
> # path to the directory containing the library files

# (SolveGeodesics.mla and related)
libdir:="<path to own libraries>":

> # inlcude the libdir to the global variable libname
# (enables Maple to find the libraries)
libname:=libname,libdir:

> # define the working directory, where datafiles should be stored
# workdir is required to have subdirectories "data" and "temp"
# and is a global variable in solve_geodesics
workdir:="<path to working directory>":

> # get the date and time
# date is a global variable in solve_geodesics
date:=StringTools[FormatTime]("%y%m%e_%H%M"):

> # Digits for the computation
# for Digits>15 the computation time is much larger than for Digits<=15!
Digits:=35:

> # Input parameters of the black hole
# the mass
mass:=1:
# the rotation parameter
rot:=0.8:
# the electrical charge
echarge:=0:
# the cosmological constant
cosmo:=3*10^(-5);
# the NUT parameter
NUT:=0:
# the magnetic charge
mcharge:=0:

> # Input parameters of the geodesic
# timelike (1) or lightlike (0) geodesic
particle_light:=1:
# squared energy parameter
energy:=0.95:
# angular momentum (in z direction for not rot=0)
ang_mom:=0.025:
# Carter constant
carter:=12:
# type of orbit (examples can be found in Sec.B.1)
orbittype:="bound":
# initial values as a list (may be empty)
initial_values:=[]:
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> # load package
with(SolveGeodesics):

> # eventually give a period matrix
# read cat(workdir,"temp/rdata_",date,".mpl"):
# periodMatrix;

> sol:=solve_geodesics(mass, rot, echarge, cosmo, NUT, mcharge, particle_light,
energy, ang_mom, carter, orbittype, initial_values):

> # get bounds for phi in case of timelike geodesics
# and nonvanishing cosmological constant
# especially useful for flyby and terminating orbits
if (not cosmo=0) and particle_light=1 then
read cat(workdir,"temp/val_phi_",date,".mpl"):
end if;

> # compute solution points:
# n and affinelist has to be adapted to the problem
if rot=0 and (cosmo=0 or particle_light=0) then
n:=100:
affinelist:=[seq(6*i/n,i=0..6*n)]:
rlist:=[seq(sol(affinelist[i]),i=1..nops(affinelist))]:
elif rot=0 and (not cosmo=0) then
n:=50:
affinelist:=evalf([seq(val_phi[1]+i*(val_phi[2]-val_phi[1])/n,i=0..1.5*n)]);
rlist:=sol(affinelist):
elif (not rot=0) and (cosmo=0 or particle_light=0) then
n:=100:
affinelist:=[seq(i*2/n,i=0..3*n)]:
rlist:=[seq(evalf(sol[1](affinelist[j])),j=1..nops(affinelist))]:
thetalist:=[seq(sol[2](affinelist[j]),j=1..nops(affinelist))]:
philist:=sol[3](affinelist):
else
n:=50:
affinelist:=evalf([seq(val_phi[1]+i*(val_phi[2]-val_phi[1])/n,i=0..3*n)]):
print("compute rlist");
rlist:=sol[1](affinelist):
print("compute thetalist");
thetalist:=[seq(sol[2](affinelist[j]),j=1..nops(affinelist))]:
print("compute philist");
philist:=sol[3](affinelist):
end if:

> # ------------- SAVE ----------
# save solution points to a datafile for later use (for example plotting)

> Inputs_blackhole:=[mass,rot,echarge,cosmo,NUT,mcharge]:

> Inputs_geodesic:=[particle_light,energy,ang_mom,carter,orbittype,
initial_values]:

> Inputs_Maple:=[date,workdir,Digits]:

> Outputs_sol:=sol:

> Outputs_data:=[affinelist,rlist,thetalist,philist]:

> Outputs_extended:=[val_phi,periodMatrix]:
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> if mcharge=0 then
if rot=0 then
if NUT=0 and cosmo=0 and echarge=0 then spacetime:="S";
elif NUT=0 and cosmo=0 then spacetime:="RN";
elif NUT=0 and echarge=0 then spacetime:="SdS";
elif NUT=0 then spacetime:="RNdS"; end if:
else
if NUT=0 and cosmo=0 and echarge=0 then spacetime:="K";
elif NUT=0 and echarge=0 then spacetime:="KdS"; end if:
end if:
end if:

> save Inputs_blackhole,Inputs_geodesic,Inputs_Maple,Outputs_sol,Outputs_data,
Outputs_extended, cat(workdir,"data/",spacetime,"_",orbittype,"_",date,".mpl"):

B.1 Module SolveGeodesics

This module collects all top-level procedures used to solve the geodesic equations in
the space-times discussed in this thesis. At this time this means geodesic equations in
Schwarzschild, Reissner-Nordström, Schwarzschild-de Sitter, Reissner-Nordström-de
Sitter, Kerr, and Kerr-de Sitter space-times. In this module itself, all preparations
for the actual solution process are carried out. This includes the checks of the space-
time, orbit types, and initial values. For the procedures computing the solution see
the module SolveEOM.

Exported procedures

Procedure solve geodesics: Top-level procedure for solving geodesic equations
in Plebański-Demiański space-times. Until now, Schwarzschild, Reissner-Nordström,
Schwarzschild-de Sitter, Reissner-Nordström-de Sitter, Kerr, and Kerr-de Sitter space-
times are implemented.
Input:

mass: mass parameter
rot: rotation parameter
echarge: electric charge parameter
cosmo: cosmological constant
NUT: NUT parameter
mcharge: magnetic charge parameter
particle light: if particle light=0 null geodesics are computed, if particle light=1
timelike geodesics are computed.
energy: squared energy of the particle of light ray
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ang mom: angular momentum of the particle or light ray. For axially symmetric
space-times this is the angular momentum in z direction.
carter: carter constant
orbittype: type of orbit which should be computed. Possible types depend on the
space-time.
(optional) initial values: initial values of the affine parameter or space-time coordi-
nate in the form [initial value affine parameter, initial value coordinate 1,..., initial
value coordinate n]. For spherically symmetric space-time the first entry is the initial
value of the ϕ-coordinate.
(optional) periodM: the period matrix or list of period matrices. For the default
value 0 all period matrices needed are computed in the procedure invert eom, which
is called by the procedures solve <space-time>
Output:

solution function: may take one of four forms:

1. In spherical symmetric space-times with vanishing cosmological constant a single
solution function for r(ϕ) is returned.

2. In spherical symmetric space-times with nonvanishing cosmological constant a
single procedure for r(ϕ) is returned. In this case ϕ has to be a list containing
one or more values of ϕ, which is the more precise and less time-consuming when
computing many values of r(ϕ).

3. In axially symmetric space-times with vanishing cosmological constant a function
r(λ), and two procedures θ(λ) and ϕ(λ) are returned, where λ is the Mino time.
The procedure ϕ(λ) take lists of values as input, see (2).

4. In axially symmetric space-time with nonvanishing cosmological constant three
procedures r(λ), θ(λ), and ϕ(λ) are returned. Here r(λ) and ϕ(λ) take lists of
values as input.

solve_geodesics:=proc(mass, rot, echarge, cosmo, NUT, mcharge, particle_light,

energy, ang_mom, carter, orbittype, initial_values:=[],periodM:=0)

global workdir, date:

# catch wrong inputs

if (mass<=0 or rot<0 or energy<0 or (particle_light<>0 and particle_light<>1)) then

error "parameters are not feasible" end if:

if not (orbittype in ["bound","inner bound","middle bound","flyby","terminating",

"crossover bound","transit","terminating escape","crossover flyby"]) then

error "Type of orbit %1 is not allowed,orbittype";
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end if:

# determine space-time

if mcharge=0 then

# static space-times

if rot=0 then

# Schwarzschild

if NUT=0 and cosmo=0 and echarge=0 then

solve_S(mass, particle_light, energy, ang_mom, orbittype,

initial_values, periodM):

# Reissner-Nordstrom

elif NUT=0 and cosmo=0 then

solve_RN(mass, echarge, particle_light, energy, ang_mom, orbittype,

initial_values, periodM):

# Schwarzschild-de Sitter

elif NUT=0 and echarge=0 then

solve_SdS(mass, cosmo, particle_light, energy, ang_mom, orbittype,

initial_values, periodM):

# Reissner-Nordstrom-de Sitter

elif NUT=0 then

solve_RNdS(mass, echarge, cosmo, particle_light, energy, ang_mom,

orbittype, initial_values, periodM):

else

error "unknown space-time":

end if:

# stationary space-times

else

# Kerr

if NUT=0 and cosmo=0 and echarge=0 then

solve_K(mass, rot, particle_light, energy, ang_mom, carter, orbittype,

initial_values, periodM):

# Kerr-de Sitter

elif NUT=0 and echarge=0 then

solve_KdS(mass, rot, cosmo, particle_light, energy, ang_mom, carter,

orbittype, initial_values, periodM):

else

error "unknown space-time":

end if:

end if:

else

error "unknown space-time";

end if;

end proc:
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Local procedures:

In all local procedures named solve <space-time>, the input parameters have the
same names and meanings as in the procedure solve geodesics. However, not all
procedures solve <space-time> take all inputs of solve geodesics. Therefore, the
input is enumerated for each solve <space-time> and special features are explained.
The explicit computation of orbits is carried out by the procedures invert eom and
for axially symmetric space-times additionally by solve eom, which are exported
procedures of the module SolveEOM described in the next section.

Procedure solve S: Solves geodesic equations in Schwarzschild space-time. Called
by solve geodesics.
Input: mass, particle light, energy, ang mom,
orbittype: possible types in Schwarzschild space-time are flyby, bound, terminating,
and terminating escape,
initial values: initial values in the form [initial value coordinate ϕ, initial value co-
ordinate r],
periodM.
Output: the solution function for r(ϕ).

solve_S:=proc(mass, particle_light, energy, ang_mom, orbittype,

initial_values::list, periodM)

local gtt,P,deg_P,zeros_P,types,bounds,init,P_converted,zeros_converted,

inverse_substitution,bounds_converted,init_converted:

global date, workdir:

uses UtilityRoutines, ConvertPolynomial, SolveEOM;

# check orbittype

if orbittype in ["inner bound","middle bound","crossover bound","transit",

"crossover flyby"] then

error "orbit type %1 is not possible in Schwarzschild space-time",orbittype

end if;

if particle_light=0 and orbittype="bound" then

error "orbit type %1 is not possible for null geodesics in Schwarzschild

space-time", orbittype

end if;

# ---------- define rhs of (dr/dphi)^2=P(r)

gtt:=1-2*mass/r:

P:=collect(r^4/ang_mom^2*(energy-gtt*(particle_light+ang_mom^2/r^2)),r):

deg_P:=degree(P,r):

# ---------- check orbittype

types,bounds,zeros_P:=check_orbit(unapply(P,r),deg_P,orbittype);
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# ---------- check initial values

if not (nops(initial_values)=0 or nops(initial_values)=2) then

error "invalid declaration of initial values %1",initial_values end if;

init:=check_rinitials(initial_values, orbittype, types, bounds);

# ---------- convert P to standard form

# Output convert_polynomial: [converted polynom, integrand, substitution]

P_converted:=convert_polynomial(unapply(P,r),deg_P,zeros_P,

bounds[inlist(orbittype,types)]):

zeros_converted:=sort([solve(P_converted[1](x)=0,x)],sortfkt);

# apply substitution to bounds and initial_values

inverse_substitution:=collect(solve(x=P_converted[3](y),y),x);

bounds_converted,init_converted:=convert_boundsinit(bounds,init,

inlist(orbittype,types),unapply(inverse_substitution,x),zeros_converted);

# ---------- solution function

invert_eom(P_converted[1],zeros_converted,P_converted[2],init_converted,

P_converted[3],periodM);

end proc:

Procedure solve RN: Solves geodesic equations in Reissner-Nordström space-
time. Called by solve geodesics.
Input: mass, echarge, particle light, energy, ang mom,
orbittype: possible types in Reissner-Nordström space-time are flyby and bound,
initial values: initial values in the form [initial value coordinate ϕ, initial value co-
ordinate r],
periodM.
Output: the solution function for r(ϕ).

solve_RN:=proc(mass, echarge, particle_light, energy, ang_mom, orbittype,

initial_values::list,periodM)

local gtt,P,deg_P,types,bounds,zeros_P,init,P_converted,zeros_converted,

inverse_substitution,bounds_converted,init_converted;

global date, workdir:

uses UtilityRoutines, ConvertPolynomial, SolveEOM;

# check orbittype

if orbittype in ["middle bound","terminating","terminating escape",

"crossover bound","transit","crossover flyby"] then

error "orbittype %1 is not possible in Reissner-Nordström space-time",orbittype

end if;

# ---------- define rhs of (dr/dphi)^2=P(r)

gtt:=1-2*mass/r+echarge^2/r^2:

P:=collect(r^4/ang_mom^2*(energy-gtt*(particle_light+ang_mom^2/r^2)),r):

deg_P:=degree(P,r):

# ---------- check orbittype
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types,bounds,zeros_P:=check_orbit(unapply(P,r),deg_P,orbittype);

# ---------- check initial values

if not (nops(initial_values)=0 or nops(initial_values)=2) then

error "invalid declaration of initial values %1",initial_values end if;

init:=check_rinitials(initial_values, orbittype, types, bounds);

# ---------- convert P to standard form

# Output convert_polynomial: [converted polynom, integrand, substitution]

P_converted:=convert_polynomial(unapply(P,r),deg_P,zeros_P,

bounds[inlist(orbittype,types)]):

zeros_converted:=sort([solve(P_converted[1](x)=0,x)],sortfkt);

# apply substitution to bounds and initial_values

inverse_substitution:=collect(solve(x=P_converted[3](y),y),x);

bounds_converted,init_converted:=convert_boundsinit(bounds,init,

inlist(orbittype,types),unapply(inverse_substitution,x),zeros_converted);

# ---------- determine solution function

invert_eom(P_converted[1],zeros_converted,P_converted[2],init_converted,

P_converted[3],periodM);

end proc:

Procedure solve SdS: Solves geodesic equations in Schwarzschild-de Sitter space-
time. Called by solve geodesics.
Input: mass, cosmo, particle light, energy, ang mom,
orbittype: possible types in Schwarzschild-de Sitter space-time are flyby, bound, ter-
minating, and terminating escape,
initial values: initial values in the form [initial value coordinate ϕ, initial value co-
ordinate r],
periodM.
Output: the solution procedure for r(ϕ).

solve_SdS:=proc(mass, cosmo, particle_light, energy, ang_mom, orbittype,

initial_values::list, periodM)

local gtt,P,deg_P,types,bounds,zeros_P,init,P_converted,zeros_converted,

inverse_substitution,bounds_converted,init_converted,val_phi,val_phi_bound,

actual_bounds,k,solution;

global date, workdir, periodMatrix;

uses UtilityRoutines, ConvertPolynomial, SolveEOM;

# check orbittype

if orbittype in ["middle bound","crossover bound","transit",

"crossover flyby"] then

error "orbittype %1 is not possible in Schwarzschild-de Sitter space-time",

orbittype;

end if;

# ---------- define rhs of (dr/dphi)^2=P(r)
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gtt:=1-2*mass/r-1/3*cosmo*r^2:

P:=collect(r^4/ang_mom^2*(energy-gtt*(particle_light+ang_mom^2/r^2)),r):

deg_P:=degree(P,r):

# ---------- check orbittype

types,bounds,zeros_P:=check_orbit(unapply(P,r),deg_P,orbittype);

# ---------- check initial values

if not (nops(initial_values)=0 or nops(initial_values)=2) then

error "invalid declaration of initial values %1",initial_values end if;

init:=check_rinitials(initial_values, orbittype, types, bounds);

# ---------- convert P to standard form

# Output convert_polynomial: [converted polynom, integrand, substitution]

P_converted:=convert_polynomial(unapply(P,r),deg_P,zeros_P,

bounds[inlist(orbittype,types)]):

zeros_converted:=sort(evalf([solve(P_converted[1](x)=0,x)]),sortfkt);

# apply substitution to bounds and initial_values

inverse_substitution:=collect(solve(x=P_converted[3](y),y),x);

bounds_converted,init_converted:=convert_boundsinit(bounds,init,

inlist(orbittype,types),unapply(inverse_substitution,x),zeros_converted);

# ---------- determine solution function

solution:=invert_eom(P_converted[1], zeros_converted, P_converted[2],

init_converted,P_converted[3],periodM):

# ---------- determin range of phi

# for the evaluation of the solution it is convenient to know

# the allowed values for phi if particle_light=1

if particle_light=1 then

lprint("compute boundaries for phi ...");

if orbittype="bound" then

val_phi:=[init[1],init[1]+2*Pi];

elif orbittype="flyby" or orbittype="terminating escape" then

val_phi:=[init[1],init[1]+abs(sqrt(coeff(1/P_converted[2](y),y,2))

*IntegrateHyperelliptic[int_genus2_first](zeros_converted,

init_converted[2], subs(x=infinity,inverse_substitution))[2])];

elif orbittype="terminating" then

try subs(x=0,inverse_substitution);

val_phi:=[init[1],init[1]+sqrt(coeff(1/P_converted[2](y),y,2))

*IntegrateHyperelliptic[int_genus2_first]

(zeros_converted,init_converted[2],%)[2]];

catch:

actual_bounds:=bounds_converted[inlist(orbittype,types)];

k:=inlist(infinity,actual_bounds);

if k=1 then k:=2 elif k=2 then k:=1 end if;

val_phi:=[init[1],init[1]+abs(sqrt(coeff(1/P_converted[2](y),y,2))

*(IntegrateHyperelliptic[int_genus2_first](zeros_converted,

init_converted[2], actual_bounds[k])[2]

-periodMatrix[2,1]-periodMatrix[2,2]))];

end try;
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end if;

save val_phi, cat(workdir,"temp/val_phi_",date,".mpl");

print(cat("allowed values for phi saved to ",workdir,

"/temp/val_phi_",date,".mpl"));

end if;

solution;

end proc:

Procedure solve RNdS: Solves geodesic equations in Reissner-Nordström-de Sit-
ter space-time. Called by solve geodesics.
Input: mass, echarge, cosmo, particle light, energy, ang mom,
orbittype: possible types in Reissner-Nordström-de Sitter space-time are flyby and
bound,
initial values: initial values in the form [initial value coordinate ϕ, initial value co-
ordinate r],
periodM.
Output: the solution procedure for r(ϕ).

solve_RNdS:=proc(mass, echarge, cosmo, particle_light, energy, ang_mom, orbittype,

initial_values::list, periodM)

local init,gtt,P,deg_P,types,bounds,zeros_P,P_converted,integrand,

inverse_substitution,zeros_converted,bounds_converted,init_converted,

val_phi,val_phi_bound,actual_bounds,k,solution;

global date, workdir, periodMatrix;

uses UtilityRoutines, ConvertPolynomial, SolveEOM;

# check orbittype

if orbittype in ["middle bound","terminating","terminating escape",

"crossover bound","transit","crossover flyby"] then

error "orbittype %1 is not possible in Reissner-Nordström-de Sitter space-time",

orbittype;

end if;

# ---------- define rhs of (dr/dphi)^2=P(r)

gtt:=1-2*mass/r-1/3*cosmo*r^2+echarge^2/r^2:

P:=collect(r^4/ang_mom^2*(energy-gtt*(particle_light+ang_mom^2/r^2)),r):

deg_P:=degree(P,r):

# ---------- check orbittype

types,bounds,zeros_P:=check_orbit(unapply(P,r),deg_P,orbittype);

# ---------- check initial values

if not (nops(initial_values)=0 or nops(initial_values)=2) then

error "invalid declaration of initial values %1",initial_values end if;

init:=check_rinitials(initial_values, orbittype, types, bounds);

# ---------- convert P to standard form

# Output convert_polynomial: [converted polynom, integrand, substitution]

163



B. Maple program

P_converted:=convert_polynomial(unapply(P,r),deg_P,zeros_P,

bounds[inlist(orbittype,types)]):

zeros_converted:=sort(evalf([solve(P_converted[1](x)=0,x)]),sortfkt);

# apply substitution to bounds and initial_values

inverse_substitution:=solve(x=P_converted[3](y),y);

bounds_converted,init_converted:=convert_bounds(bounds,init,

inlist(orbittype,types),unapply(inverse_substitution,x),zeros_converted);

# ---------- determine solution function

solution:=invert_eom(P_converted[1],zeros_converted,P_converted[2],

init_converted,P_converted[3],periodM):

# ---------- determine range of phi

# for the evaluation of the solution it is convenient

# to know the allowed values for phi if particle_light=1

if particle_light=1 then

lprint("compute boundaries for phi ...");

if orbittype="bound" or orbittype="inner bound" then

val_phi:=[init[1],init[1]+2*Pi];

elif orbittype="flyby" then

val_phi:=[init[1],init[1]+abs(sqrt(coeff(1/P_converted[2](y),y,2))

*IntegrateHyperelliptic[int_genus2_first](zeros_converted,init_converted[2],

subs(x=infinity,inverse_substitution))[2])];

end if;

save val_phi, cat(workdir,"temp/val_phi_",date,".mpl");

print(cat("allowed values for phi saved in ",workdir,

"/temp/val_phi_",date,".mpl"));

end if;

solution;

end proc:

Procedure solve K: Solves geodesic equations in Kerr space-time. Called by
solve geodesics.
Input: mass, rot, particle light, energy, ang mom, carter,
orbittype: possible types in Kerr space-time are flyby, crossover flyby, bound, crossover
bound, inner bound, transit,
initial values: initial values in the form [initial value affine parameter, initial value
coordinate r, initial value coordinate theta, initial value coordinate ϕ],
periodM: a list with two elements, where the first is 0 or the period matrix corre-
sponding to the r motion and the second is 0 or the period matrix corresponding to
the theta motion.
Output: list of solution functions or procedures in the form [r(λ), θ(λ), ϕ(λ)], where
r(λ) is a function, θ(λ) and ϕ(λ) are procedures, and λ is an affine parameter (the
Mino time). The procedure ϕ(λ) takes also a list of affine parameters as input (allows
faster and more accurate computation of a large number of solution points).

solve_K:=proc(mass, rot, particle_light, energy, ang_mom, carter, orbittype,
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initial_values::list, periodM)

local Delta,P,deg_P,zeros_P,types,bounds,init_r,P_converted,zeros_converted,

inverse_substitution,bounds_converted,init_converted,sol_r,phir_integrand,

allowed_theta_inits,bounds_nu,init_nu,sol_nu,NS,switch,sol_theta,sol_phir,

sol_phinu,phinu_integrand,i:

global date, workdir:

uses UtilityRoutines, ConvertPolynomial, SolveEOM;

# check orbittype

if orbittype="middle bound" then

error "orbittype %1 is not possible in Kerr space-time",orbittype:

end if;

############################# r equation ################################

# ---------- define rhs of (dr/dlambda)^2=P(r)

Delta:=r^2+rot^2-2*mass*r:

P:=collect( ((r^2+rot^2)*sqrt(energy)-rot*ang_mom)^2

-Delta*(particle_light*r^2+carter),r):

deg_P:=degree(P,r):

# ---------- check orbittype

types,bounds,zeros_P:=check_orbit(unapply(P,r),deg_P,orbittype,"true");

# ---------- check initial values

if not (nops(initial_values)=0 or nops(initial_values)=4) then

error "invalid declaration of initial values %1",initial_values:

end if;

if initial_values=[] then init_r:=[] else init_r:=initial_values[1..2] end if;

init_r:=check_rinitials(init_r,orbittype,types,bounds);

# ---------- convert P to standard form

# Output convert_polynomial: [converted polynom, integrand, substitution],

# i.e. (dr/dlambda)^2=integrand(y)*(converted polynom(y))

P_converted:=convert_polynomial(unapply(P,r),deg_P,zeros_P,

bounds[inlist(orbittype,types)]):

zeros_converted:=sort([solve(P_converted[1](x)=0,x)],sortfkt);

# apply substitution to bounds and initial_values

inverse_substitution:=collect(simplify(solve(x=P_converted[3](y),y)),x);

bounds_converted,init_converted:=convert_boundsinit(bounds,init_r,

inlist(orbittype,types),unapply(inverse_substitution,x),zeros_converted);

# ---------- solution function

sol_r:=invert_eom(P_converted[1],zeros_converted,P_converted[2],init_converted,

P_converted[3],periodM[1],cat(workdir,"temp/rdata_",date));

######################## Phi equation, r Integral #########################

# define rhs of dphi/dlambda=phir_integrand+phinu_integrand

phir_integrand:=subs(r=P_converted[3](y),rot*((r^2+rot^2)*sqrt(energy)

-rot*ang_mom)/Delta)/simplify(sqrt(P_converted[2](y))) assuming y>0;

sol_phir:=solve_eom(P_converted[1],zeros_converted,unapply(phir_integrand,y),

cat(workdir,"temp/rdata_",date)):

########################## Theta equation ##################################

# ---------- define rhs of (dnu/dlambda)^2=P(nu), nu=cos(theta)^2
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P:=collect( 4*nu*( (1-nu)*(carter-particle_light*rot^2*nu)

-(rot*sqrt(energy)*(1-nu)-ang_mom)^2 ), nu);

deg_P:=degree(P,nu);

zeros_P:=sort(evalf([solve(P=0,nu)]),sortfkt):

if not nops(zeros_P)=deg_P then

error "could not find all zeros of underlying polynomial":

end if:

# ---------- range of theta and initial values

allowed_theta_inits,init_nu,bounds_nu:=check_thetainitials(zeros_P,initial_values);

# ---------- convert P to standard form

# Output convert_polynomial: [converted polynom, integrand, substitution]

P_converted:=convert_polynomial(unapply(P,nu),deg_P,zeros_P,bounds_nu[1]):

zeros_converted:=sort([solve(P_converted[1](x)=0,x)],sortfkt);

# apply substitution to initial_values

inverse_substitution:=collect(solve(x=P_converted[3](y),y),x);

bounds_converted,init_converted:=convert_boundsinit(bounds_nu,init_nu,1,

unapply(inverse_substitution,x),zeros_converted);

# ---------- determine solution function

sol_nu:=invert_eom(P_converted[1],zeros_converted,P_converted[2],init_converted,

P_converted[3],periodM[2],cat(workdir,"temp/thetadata_",date));

# backsubstitution theta=arccos(sqrt(nu)):

if nops(allowed_theta_inits)=2 then

if nops(initial_values)>0 and initial_values[3]>evalf(Pi/2) then

sol_theta:=s->evalf(Pi-arccos(sqrt(sol_nu(s))));

else sol_theta:=s->evalf(arccos(sqrt(sol_nu(s))));

end if;

else

read cat(workdir,"temp/thetadata_",date,".mpl");

NS:=solve(P_converted[3](z)=0,z);

switch:=(find_Weierstrass_values(zeros_converted,NS,periodMatrix,g2,g3)[1]

+integrate_initial)/sqrt(P_converted[2](z))+init_converted[1];

if not Im(switch)=0 then switch:=Re(switch) end if;

sol_theta:=proc(s)

local S,k,konst:

konst:=1/sqrt(P_converted[2](x));

# change branch at the points S=switch+2*k*periodMatrix[1,1] (where sol_nu=0)

S:=evalf(s):

k:=‘if‘(nops(initial_values)>0 and evalf(initial_values[3])>evalf(Pi/2),1,0):

while not (S>=switch and S<evalf(switch+2*konst*periodMatrix[1,1])) do

k:=k+1:

if S>=evalf(switch+2*konst*periodMatrix[1,1]) then

S:=evalf(S-2*periodMatrix[1,1]) else S:=evalf(S+2*periodMatrix[1,1])

end if;

end do:

if type(k,odd) then evalf(Pi-arccos(sqrt(sol_nu(s))))

else evalf(arccos(sqrt(sol_nu(s)))) end if;
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end proc:

end if;

##################### Phi equation, theta integral #########################

# define rhs of dphi/dlambda=phir_integrand+phinu_integrand

phinu_integrand:=subs(nu=P_converted[3](y),(rot*sqrt(energy)*(1-nu)-ang_mom)

/(1-nu))/simplify(sqrt(P_converted[2](y))) assuming y>0;

sol_phinu:=solve_eom(P_converted[1],zeros_converted,unapply(phinu_integrand,y),

cat(workdir,"temp/thetadata_",date)):

[sol_r,sol_theta,sol_phir-sol_phinu];

end proc:

Procedure solve KdS: Solves geodesic equations in Kerr-de Sitter space-time.
Called by solve geodesics.
Input: mass, rot, cosmo, particle light, energy, ang mom, carter,
orbittype: possible types in Kerr-de Sitter space-time are flyby, crossover flyby,
bound, crossover bound, inner bound, middle bound, transit,
initial values: initial values in the form [initial value affine parameter, initial value
coordinate r, initial value coordinate theta, initial value coordinate ϕ],
periodM: a list with two elements, where the first is 0 or the period matrix corre-
sponding to the r motion and the second is 0 or the period matrix corresponding to
the theta motion.
Output: list of solution procedures in the form [r(λ), θ(λ), ϕ(λ)], where λ is an affine
parameter (the Mino time). The procedures r(λ) and ϕ(λ) take a list of affine pa-
rameters as input (allows faster and more accurate computation of a large number
of solution points).

solve_KdS:=proc(mass,rot,cosmo,particle_light,energy,ang_mom,carter,orbittype,

initial_values::list,periodM)

local Delta,P,deg_P,types,bounds,zeros_P,init_r,P_converted,zeros_converted,

inverse_substitution,bounds_converted,init_converted,sol_r,val_phi,actual_bounds,

k,phir_integrand,sol_phir,allowed_theta_inits,init_nu,bounds_nu,sol_nu,NS,switch,

sol_theta,phinu_integrand,sol_phinu;

global date, workdir:

uses UtilityRoutines, ConvertPolynomial, SolveEOM;

########################## r equation #############################

# ---------- define rhs of (dr/dlambda)^2=P(r)

Delta:=(1-1/3*cosmo*r^2)*(r^2+rot^2)-2*mass*r:

P:=collect( (1+rot^2*1/3*cosmo)^2*((r^2+rot^2)*sqrt(energy)-rot*ang_mom)^2

-Delta*(particle_light*r^2+carter), r):

deg_P:=degree(P,r):

# ---------- check orbittype

types,bounds,zeros_P:=check_orbit(unapply(P,r),deg_P,orbittype);

# ---------- check initial values

if not (nops(initial_values)=0 or nops(initial_values)=4) then

error "invalid declaration of initial values %1",initial_values:
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end if;

if initial_values=[] then init_r:=[] else init_r:=initial_values[1..2] end if;

init_r:=check_rinitials(init_r,orbittype,types,bounds);

# ---------- convert P to standard form

# Output convert_polynomial: [converted polynom, integrand, substitution],

# i.e. (dr/dlambda)^2=integrand(y)*(converted polynom(y))

P_converted:=convert_polynomial(unapply(P,r),deg_P,zeros_P,

bounds[inlist(orbittype,types)]):

zeros_converted:=sort([solve(P_converted[1](x)=0,x)],sortfkt);

# apply substitution to bounds and initial_values

inverse_substitution:=collect(simplify(solve(x=P_converted[3](y),y)),x);

bounds_converted,init_converted:=convert_boundsinit(bounds,init_r,

inlist(orbittype,types),unapply(inverse_substitution,x),zeros_converted);

# ---------- solution function

sol_r:=invert_eom(P_converted[1],zeros_converted,P_converted[2],init_converted,

P_converted[3],periodM[1],cat(workdir,"temp/rdata_",date));

# ---------- determin range of phi

# for the evaluation of the solution it is convenient

# to know the allowed values for phi if particle_light=1

if particle_light=1 then

lprint("compute boundaries for phi ...");

if orbittype in ["bound","inner bound","middle bound"] then

val_phi:=[init_r[1],init_r[1]+2*Pi];

elif orbittype in ["flyby","transit","crossover flyby"] then

val_phi:=[init_r[1],init_r[1]+abs(sqrt(coeff(1/P_converted[2](y),y,2))

*IntegrateHyperelliptic[int_genus2_first](zeros_converted,init_converted[2],

subs(x=infinity,inverse_substitution))[2])];

elif orbittype in ["terminating","crossover bound"] then

try subs(x=0,inverse_substitution);

val_phi:=[init_r[1],init_r[1]+sqrt(coeff(1/P_converted[2](y),y,2))

*IntegrateHyperelliptic[int_genus2_first](zeros_converted,

init_converted[2],%)[2]];

catch:

actual_bounds:=bounds_converted[inlist(orbittype,types)];

k:=inlist(infinity,actual_bounds);

if k=1 then k:=2 elif k=2 then k:=1 end if;

val_phi:=[init_r[1],init_r[1]+abs(sqrt(coeff(1/P_converted[2](y),y,2))

*(IntegrateHyperelliptic[int_genus2_first](zeros_converted,init_converted[2],

actual_bounds[k])[2]-periodMatrix[2,1]-periodMatrix[2,2]))];

end try;

end if;

save val_phi, cat(workdir,"temp/val_phi_",date,".mpl");

print(cat("allowed values for phi saved in ",

workdir,"temp/val_phi_",date,".mpl"));

end if;

###################### Phi equation, r Integral ###########################
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# define rhs of dphi/dlambda=phir_integrand+phinu_integrand

phir_integrand:=subs(r=P_converted[3](y),rot*((r^2+rot^2)*sqrt(energy)

-rot*ang_mom)/Delta)/simplify(sqrt(P_converted[2](y))) assuming y>0;

sol_phir:=solve_eom(P_converted[1],zeros_converted,unapply(phir_integrand,y),

cat(workdir,"temp/rdata_",date)):

######################### Theta equation ###################################

# ---------- define rhs of (dnu/dlambda)^2=P(nu), nu=cos(theta)^2

P:=collect( 4*nu*( (1-nu)*(1+rot^2*cosmo/3*nu)*(carter-particle_light*rot^2*nu)

-(1+rot^2*cosmo/3)^2*(rot*sqrt(energy)*(1-nu)-ang_mom)^2 ), nu);

deg_P:=degree(P,nu);

zeros_P:=sort(evalf([solve(P=0,nu)]),sortfkt):

if not nops(zeros_P)=deg_P then

error "could not find all zeros of underlying polynomial":

end if:

# ---------- range of theta and initial values

allowed_theta_inits,init_nu,bounds_nu:=check_thetainitials(zeros_P,initial_values);

# ---------- convert P to standard form

# Output convert_polynomial: [converted polynom, integrand, substitution]

P_converted:=convert_polynomial(unapply(P,nu),deg_P,zeros_P,bounds_nu[1]):

zeros_converted:=sort([solve(P_converted[1](x)=0,x)],sortfkt);

# apply substitution to initial_values

inverse_substitution:=collect(solve(x=P_converted[3](y),y),x);

bounds_converted,init_converted:=convert_boundsinit(bounds_nu,init_nu,1,

unapply(inverse_substitution,x),zeros_converted);

# ---------- determine solution function

sol_nu:=invert_eom(P_converted[1],zeros_converted,P_converted[2],init_converted,

P_converted[3],periodM[2],cat(workdir,"temp/thetadata_",date));

# backsubstitution theta=arccos(sqrt(nu)):

if nops(allowed_theta_inits)=2 then

if nops(initial_values)>0 and initial_values[3]>evalf(Pi/2) then

sol_theta:=s->evalf(Pi-arccos(sqrt(sol_nu(s))));

else sol_theta:=s->evalf(arccos(sqrt(sol_nu(s))));

end if;

else

# get periodMatrix,g2,g3,integrate_initial

read cat(workdir,"temp/thetadata_",date,".mpl");

if type(1/P_converted[3](z),polynom) then

switch:=integrate_initial/sqrt(P_converted[2](z))+init_converted[1];

else

NS:=solve(P_converted[3](z)=0,z);

switch:=(find_Weierstrass_values(zeros_converted,NS,periodMatrix,g2,g3)[1]

+integrate_initial)/sqrt(P_converted[2](z))+init_converted[1];

end if;

if not Im(switch)=0 then switch:=Re(switch) end if;

sol_theta:=proc(s)

local S,k,konst:

169



B. Maple program

konst:=1/sqrt(P_converted[2](x));

# change branch at the points S=switch+2*k*periodMatrix[1,1] (where sol_nu=0)

S:=evalf(s):

k:=‘if‘(nops(initial_values)>0 and evalf(initial_values[3])>evalf(Pi/2),1,0):

while not (S>=switch and S<evalf(switch+2*konst*periodMatrix[1,1])) do

k:=k+1:

if S>=evalf(switch+2*konst*periodMatrix[1,1]) then

S:=evalf(S-2*periodMatrix[1,1]) else S:=evalf(S+2*periodMatrix[1,1])

end if;

end do:

if type(k,odd) then evalf(Pi-arccos(sqrt(sol_nu(s))))

else evalf(arccos(sqrt(sol_nu(s)))) end if;

end proc:

end if;

################### Phi equation, theta integral #########################

# define rhs of dphi/dlambda=phir_integrand+phinu_integrand

phinu_integrand:=subs(nu=P_converted[3](y), (rot*sqrt(energy)*(1-nu)-ang_mom)

/((1+1/3*rot^2*cosmo*nu)*(1-nu)) )/simplify(sqrt(P_converted[2](y))) assuming y>0;

sol_phinu:=solve_eom(P_converted[1],zeros_converted,unapply(phinu_integrand,y),

cat(workdir,"temp/thetadata_",date)):

[sol_r,sol_theta,(1+1/3*rot^2*cosmo)^2*(sol_phir-sol_phinu)];

end proc:

Procedure check orbit: Determines the zeros of <polynomial> and checks the
result, determines possible types of orbits and the corresponding bounds, and checks
whether <orbittype> is an allowed orbit type.
Input:

polynomial: a polynomial,
deg P: degree of polynomial,
orbittype: type of orbit which shall be computed,
(optional) isnegativeallowed: if set to ”true” negative radial values are considered as
valid. This means that crossover (and transit) orbits are possible and terminating
orbits are not possible.
Output:

types: a list which contains all possible orbit types for <polynomial>,
bounds : a list which contains the associated boundaries of types, each given as a list
with two elements, where the first is the lower boundary and the second the upper.
types and bounds are connected through the position in the list,
zeros P: zeros of <polynomial>.

check_orbit:=proc(polynomial,deg,orbittype,isnegativeallowed:="false")
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local P,zeros,realNS,complexNS,pos_zeros,k,max_coeff,types,bounds,count,i;

uses UtilityRoutines;

# copy to local

P:=polynomial(x);

# zeros of P

zeros:=sort(evalf([solve(P=0,x)]),sortfkt):

print("zeros=",zeros);

if not nops(zeros)=deg then

error "could not find all zeros of underlying polynomial": end if:

realNS,complexNS:=separate_zeros(zeros):

if nops(realNS)=0 then

error "underlying polynom has only complex zeros; this case is not supported":

end if:

# ------ possible orbit types

# only consider positive zeros

pos_zeros:=[]:

for i from 1 to nops(zeros) do

if evalf(realNS[i])>0 then pos_zeros:=realNS[i..nops(realNS)]; break end if;

end do;

k:=nops(pos_zeros);

max_coeff:=coeff(P,x,deg);

types:=[]: bounds:=[]:

count:=1;

if k=0 then

if isnegativeallowed="true" then

if nops(zeros)>0 then types:=["crossover flyby"]; bounds:=[[0,infinity]];

else types:=["transit"]; bounds:=[[0,infinity]];

end if;

else types:=["terminating escape"]; bounds:=[[0,infinity]];

end if;

end if;

# ------ P to infinity for x to infinity

if evalf(max_coeff)>0 then

while k>0 do

if (k mod 2)=0 then

if isnegativeallowed="true" then

if nops(convert(zeros,set) minus convert(pos_zeros,set))>0 then

types:=[op(types),"crossover bound"];

else types:=[op(types),"crossover flyby"];

end if;

else types:=[op(types),"terminating"];

end if;

bounds:=[op(bounds),[0,pos_zeros[1]]];

k:=k-1; count:=count+1;

elif k>1 then

if k=3 then types:=[op(types),"bound"];
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else types:=[op(types),"inner bound"];

end if;

bounds:=[op(bounds),[pos_zeros[count],pos_zeros[count+1]]];

k:=k-2; count:=count+2;

elif k=1 then

types:=[op(types),"flyby"];

bounds:=[op(bounds),[pos_zeros[count],infinity]];

k:=k-1;

end if;

end do;

# ------ P to -infinity for x to infinity

else

while k>0 do

if (k mod 2)=1 then

if isnegativeallowed="true" then

if nops(convert(zeros,set) minus convert(pos_zeros,set))>0 then

types:=[op(types),"crossover bound"];

else types:=[op(types),"crossover flyby"];

end if;

else types:=[op(types),"terminating"];

end if;

bounds:=[op(bounds),[0,pos_zeros[count]]];

k:=k-1; count:=count+1;

else

if k=2 then types:=[op(types),"bound"];

elif k=4 and nops(pos_zeros)>=5 then types:=[op(types),"middle bound"];

else types:=[op(types),"inner bound"];

end if;

bounds:=[op(bounds),[pos_zeros[count],pos_zeros[count+1]]];

k:=k-2; count:=count+2;

end if;

end do;

end if;

print("possible orbittypes:", types);

if inlist(orbittype,types)=-1 then

error "orbittype %1 is not allowed",orbittype end if;

types,bounds,zeros;

end proc:

Procedure convert boundsinit: Converts a list of boundaries and initial values
with the function <substitution>. The result is compared to <zeros subs>, which
is a list of zeros of a polynomial converted by substitution before. If a converted
boundary or initial value, which was originally equal to a zero of the polynomial
later converted by <substitution>, is not equal to an entry of <zeros subs>, it is
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corrected to do so. The aim is that the connection between a boundary or initial
value and the zero of a polynomial is conserved when <substitution> is applied to
both.
Input:

bounds: a list of boundaries of orbit types, where each element is a list of the minimal
and maximal value of the corresponding orbittype,
initial values: initial values as a list with two elements, where the second corresponds
to bounds,
position: such that bounds[position][1]≤initial values[2]≤bounds[position][2],
substitution: a function which serves as substitution; created by convert polynomial,
zeros subs: zeros of a polynomial converted by the procedure convert polynomial.
Output: <list of converted boundaries>, <list of converted initial values>.

convert_boundsinit:=proc(bounds,initial_values,position,substitution,zeros_subs)

local bounds_converted,init_converted,element1,element2,i;

uses UtilityRoutines;

# apply substitution to bounds

bounds_converted:=[]:

for i from 1 to nops(bounds) do

try element1:=substitution(bounds[i][1]);

catch "numeric exception: division by zero": element1:=infinity;

end try;

if not type(element1,infinity) then

element1:=find_next(element1,zeros_subs);

end if;

try element2:=substitution(bounds[i][2]);

catch "numeric exception: division by zero": element2:=infinity;

end try;

if not type(element2,infinity) then

element2:=find_next(element2,zeros_subs);

end if;

bounds_converted:=[op(bounds_converted),[element1,element2]];

end do;

# apply substitution to initial_values

if (initial_values[2]=bounds[position][1]

or initial_values[2]=bounds[position][2]) then

try substitution(initial_values[2]);

init_converted:=[initial_values[1],find_next(%,bounds_converted[position])];

catch "numeric exception: division by zero":

init_converted:=[initial_values[1],infinity];

end try;

else

try substitution(initial_values[2]);
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init_converted:=[initial_values[1],%];

catch "numeric exception: division by zero":

init_converted:=[initial_values[1],infinity];

end try;

end if;

bounds_converted, init_converted;

end proc:

Procedure check rinitials: Tests, sets or corrects the initial values for the r
motion as necessary.
Input:

initial values: the initial values=[initial value affine parameter or ϕ coordinate, initial
value coordinate r] (or initial values=[]) which should be set or tested, dependent on
whether initial values is an empty list or not,
orbittype: the initial values must be set or tested according to the orbittype which
should be computed,
types: all possible types of orbits as a list, see procedure check orbit,
bounds: the extremal values for each of the possible orbit types <types> as a list
ordered in the same way as <types>.
Output: If initial values was not empty and correct, it is returned unchanged. Else it
was corrected/set to default values, which are: 0 for the first element, the maximal
r if the orbit does not reach infinity, else the minimal r.

check_rinitials:=proc(initial_values, orbittype, types, bounds)

uses UtilityRoutines;

if nops(initial_values)=0 then

if orbittype in ["flyby","crossover flyby","terminating escape"] then

[0,bounds[inlist(orbittype,types)][1]];

else [0,bounds[inlist(orbittype,types)][2]]; end if;

elif not (bounds[inlist(orbittype,types)][1]<=initial_values[2]

and initial_values[2]<=bounds[inlist(orbittype,types)][2]) then

WARNING("in check_rinitials: initial_value %1 is not allowed for orbittype %2;

set to default value",initial_values[2],orbittype);

if orbittype in ["flyby","crossover flyby","terminating escape"] then

[initial_values[1],bounds[inlist(orbittype,types)][1]];

else [initial_values[1],bounds[inlist(orbittype,types)][2]]; end if;

else initial_values;

end if;

end proc:
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Procedure check thetainitials: Tests, sets or corrects the initial values for the
θ motion as necessary.
Input:

zeros: all zeros of the polynomial describing the theta motion (with the substitution
nu = cos2(θ)!),
initial values: the initial values=[initial value affine parameter, initial value coordi-
nate r, initial value coordinate θ, initial value coordinate ϕ] (or initial values=[])
which should be set or tested dependent on whether initial values is an empty list or
not,
Output:

allowed inits: all zeros which could be initial values of nu = cos2(θ),
init nu: the initial values [initial value affine parameter, initial value of nu = cos2(θ)],
which are unchanged if correctly given by initial values but set or corrected to default
values else. The default values are 0 for the first element and for the second element
θ = π

2
if possible or the largest possible value of θ in the northern hemisphere,

bounds nu: the extremal nu = cos2(θ) values for the region in which init nu[2] is
located.

check_thetainitials:=proc(zeros,initial_values)

local realNS,complexNS,allowed_inits,bounds_nu,init_nu,i;

uses UtilityRoutines;

realNS,complexNS:=separate_zeros(zeros):

if nops(realNS)=0 then

error "underlying polynomial has only complex zeros; this case is not supported":

end if:

# find allowed initial values

allowed_inits:=[]:

for i from 1 to nops(realNS) do

if (realNS[i]>0 and realNS[i]<1) then

allowed_inits:=[op(allowed_inits),realNS[i]]:

end if;

end do:

if nops(allowed_inits)=0 or nops(allowed_inits)>2 then

error "bounds found for theta motion are not allowed" end if;

allowed_inits:=sort(allowed_inits);

if nops(allowed_inits)=1 then bounds_nu:=[[0,allowed_inits[1]]]

else bounds_nu:=[[allowed_inits[1],allowed_inits[2]]] end if;

print("allowed initial_values for nu=cos(theta)^2 motion: ",bounds_nu[1]);

# check initial values

if initial_values=[] then

if nops(allowed_inits)=1 then init_nu:=[0,0]

else init_nu:=[0,allowed_inits[1]] end if;
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else

if nops(allowed_inits)=1

and evalf(cos(initial_values[3])^2)>allowed_inits[1] then

WARNING("in check_thetainitials: initial_value %1 for theta motion is not

allowed; set to default value",initial_values[3]);

init_nu:=[initial_values[1],0];

elif nops(allowed_inits)=2

and (evalf(cos(initial_values[3])^2)<allowed_inits[1]

or evalf(cos(initial_values[3])^2)>allowed_inits[2]) then

WARNING("in check_thetainitials: initial_value %1 for theta motion is not

allowed; set to default value",initial_values[3]);

init_nu:=[initial_values[1],allowed_inits[1]];

else init_nu:=[0,cos(initial_values[3])^2];

end if;

end if;

allowed_inits,init_nu,bounds_nu;

end proc:

B.2 Module SolveEOM

The procedures of this module can be used to solve or invert equations of motion in
various space-times. It is assumed here that the equation of motion has a certain
standard form, which can be achieved by using the modules SolveGeodesics and
ConvertPolynomial. In general, it will be necessary to compute a period matrix for
each equation of motion using the modules PeriodsGenusOne, PeriodsGenusTwo,
and PeriodsSecondGenusTwo described in the next section.

Exported procedures

Procedure invert eom: Top-level procedure for inverting an equation of motion
of the type s− sin =

∫ x

xin
dz/(<integrand>(z)

√

<polynomial>(z)), i.e. solving such

an equation for x(s), where s is an affine parameter or a space-time coordinate.
Input:
polynomial: It is assumed that polynomial has the standard form 4z3 − g2z − g3 or
add(aiz

i, i = 0..5) for some constants g2, g3, ai,
integrand: integrand in integral above,
initial values: list of initial values [sin, xin].
substitution: the substitution which was necessary to cast the original equation of
motion in the standard form,
periodM: if the period matrix of the Riemann surface of y2 = <polynomial>(x) is
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known it can be given here (as 1x2 or 2x4 Matrix). In general this will save a lot of
computation time. If the period matrix is not known, the value 0 can be inserted,
datafile: a file name (without an ending .m or .mpl), where useful or required in-
formations like period matrices or extended informations about the computation
process may be stored. This input parameter may be omitted.
Output: solution function or procedure x(s).

invert_eom:=proc(polynomial,zeros,integrand,initial_values,substitution,

periodM,datafile)

local P,deg_P;

# copy to local

P:=polynomial(x);

# determine type of equation

deg_P:=degree(P,x);

# ----------------------- degree 5 --------------------------------

if deg_P=5 then

if type(1/integrand(x),polynom(anything,x)) then

if degree(1/integrand(x),x)=2 and coeff(1/integrand(x),x,0)=0

and coeff(1/integrand(x),x,1)=0 then

if _params[’datafile’]=NULL then

invert_hyperelliptic_first(zeros,2,initial_values,

evalf(1/coeff(1/integrand(x),x,2)),substitution, periodM);

else

invert_hyperelliptic_first(zeros, 2, initial_values,

evalf(1/coeff(1/integrand(x),x,2)), substitution, periodM, datafile);

end if;

elif degree(1/integrand(x),x)=0 then

if _params[’datafile’]=NULL then

invert_hyperelliptic_first(zeros,1,initial_values,

evalf(1/coeff(1/integrand(x),x,0)),substitution,periodM);

else

invert_hyperelliptic_first(zeros,1,initial_values,

evalf(1/coeff(1/integrand(x),x,0)), substitution, periodM, datafile);

end if;

else error "equations of motions of hyperelliptic type and second kind

are not supported";

end if;

else

error "equations of motions of hyperelliptic type and third kind

can not be inverted";

end if;

# ----------------------- degree 3 --------------------------------

elif deg_P=3 then

if type(1/integrand(x),polynom(anything,x)) then

if degree(1/integrand(x),x)=0 then

if _params[’datafile’]=NULL then
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invert_elliptic_first(polynomial,zeros,initial_values,integrand(x),

substitution, periodM);

else

invert_elliptic_first(polynomial,zeros,initial_values,integrand(x),

substitution, periodM, datafile); end if;

else error "equations of motion of elliptic type and second kind: tbd";

end if;

else

error "equations of motion of elliptic type and third kind can

not be inverted";

end if;

else

error "polynomial %1 is not of the standard form needed by invert_eom",

polynomial;

end if;

end proc:

Procedure solve eom: Top-level procedure for solves an equation of motion of

the type coord-coordin =
∫ x(s)

xin(s)
<integrand>(x)/

√

<polynomial>(x) for coord(s),

where coord and x are coordinates of the space-time, s is an affine parameter, and
coordin, xin are initial values. It is assumed here that x(s) is explicitly known in
terms of elliptic or hyperelliptic functions.
Input:
polynomial: see invert eom,
zeros: zeros of polynomial,
integrand: the integrand in the equation of motion above (note difference to in-
vert eom!),
datafile: a file name (without an ending .m or .mpl), where useful or required in-
formations like period matrices or extended informations about the computation
process are stored. Unlike invert eom, this is a parameter which must be specified
here.
Output: solution procedure for coord(s).

solve_eom:=proc(polynomial,zeros,integrand,datafile)

local deg_P,f_parfrac,poly_fracs,rat_fracs,result,eta,r1,r2,i;

deg_P:=degree(polynomial(x),x);

# partial fraction decomposition of integrand

f_parfrac:=evalf(convert(integrand(x),fullparfrac,x));

# divide in polynomial parts and parts containing 1/(x-c)

poly_fracs:=[]: rat_fracs:=[]:

for i from 1 to nops(f_parfrac) do

if type(op(i,f_parfrac),polynom(anything,x)) then

poly_fracs:=[op(poly_fracs),op(i,f_parfrac)];

else rat_fracs:=[op(rat_fracs),op(i,f_parfrac)];
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end if;

end do:

# ----------------------- degree 5 --------------------------------

if deg_P=5 then

# solve polynomial parts

result:=0:

for i from 1 to nops(poly_fracs) do

if degree(poly_fracs[i],x)>1 then

error "equations of motions of hyperelliptic type and second kind

are not supported";

elif degree(poly_fracs[i],x)=1 then

result:=result+coeff(poly_fracs[i],x,1)

*proc(s) solve_hyperelliptic_first(2,datafile): end proc:

elif degree(poly_fracs[i],x)=0 then

result:=result+poly_fracs[i]

*proc(s) solve_hyperelliptic_first(1,datafile): end proc:

end if;

end do;

# solve parts containing 1/(x-c)

if nops(rat_fracs)>0 then

# in each call of solve_hyperelliptic_third the period matrix of second kind

# is needed, but should only be computed once. Thus, do this here!

# read relevant data: contains periodMatrix,invert_data, and Eps

try read cat(datafile,".mpl");

catch: error "could not locate the datafile %1",cat(datafile,".mpl");

end try;

eta,r1,r2:=compute_secondkind_periods(zeros,Eps,periodMatrix,datafile);

end if;

for i from 1 to nops(rat_fracs) do

result:=result+op(1,rat_fracs[i])*solve_hyperelliptic_third(

zeros,r1,r2,eta,unapply(op(2,rat_fracs[i]),x),datafile);

end do;

# ----------------------- degree 3 --------------------------------

elif deg_P=3 then

# solve polynomial parts

result:=0:

for i from 1 to nops(poly_fracs) do

if degree(poly_frac[i],x)=0 then

result:=result+poly_fracs[i]*proc(s)

local S,m;

# read relevant data: periodMatrix,g2,g3,integrate_initial,initials

try read cat(datafile,".mpl");

catch: error "could not locate the datafile %1",cat(datafile,".mpl");

end try;

if type(s,list) then S:=s: else S:=[s]: end if:

[seq(S[m]-initials[1],m=1..nops(S))];
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end proc;

else error "equation of motion of elliptic type and second kind: tbd";

end if;

end do;

# solve parts containing 1/(x-c)

for i from 1 to nops(rat_fracs) do

result:=result+op(1,rat_fracs[i])

*solve_elliptic_third(zeros,unapply(op(2,rat_fracs[i]),x),datafile);

end do;

else error "polynomial %1 is not of the standard form needed by invert_eom",

polynomial(x);

end if;

end proc:

Local procedures:

The procedures invert <something> and solve <something> have the same inputs
and outputs as invert eom and solve eom, respectively.

Procedure invert elliptic first: Solves an equation of motion of elliptic type and
first kind. Called by invert eom.
Input: as invert eom.
Output: is a function.

invert_elliptic_first:=proc(polynomial,zeros,initial_values,

constant,substitution,periodM,datafile)

local P,realNS,complexNS,periodMatrix,int_initial,g2,g3,integrate_initial,

initials,k;

uses UtilityRoutines, PeriodsGenusOne;

# copy to local

P:=polynomial(x);

# --- compute periods

realNS,complexNS:=separate_zeros(zeros);

if periodM=0 then

periodMatrix:=periods_elliptic(realNS,complexNS,Digits);

else periodMatrix:=periodM;

end if;

print("periods:",periodMatrix);

# --- determine integral from initial_values[2] to infinity

if type(initial_values[2],infinity) then int_initial:=0;

elif inlist(initial_values[2],realNS)>0 then

int_initial:=eval_period(inlist(initial_values[2],realNS),infinity,

realNS,zeros,periodMatrix);
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else

k:=inlist(initial_values[2],sort([op(realNS),initial_values[2]]));

if k=nops(realNS)+1 then k:=nops(realNS) end if;

int_initial:=eval_period(k,infinity,realNS,zeros,periodMatrix)

+IntegrateEllipticFirst[int_elliptic_first](zeros,initial_values[2],realNS[k]);

end if;

# --- solution function

g2:=-coeff(P,x,1);

g3:=-coeff(P,x,0);

# save data if datafile is given

if not _params[’datafile’]=NULL then

integrate_initial:=int_initial; initials:=initial_values;

save periodMatrix,g2,g3,integrate_initial,initials, cat(datafile,".mpl");

print(cat("in invert_elliptic_first: periodMatrix saved to ",datafile,".mpl"));

end if;

unapply(substitution(Re(WeierstrassP(sqrt(constant)

*(x-initial_values[1])-int_initial,g2,g3))),x);

end proc:

Procedure invert hyperelliptic first: Solves an equation of motion of hyperel-
liptic type and first kind. The computation is mainly carried through by the proce-
dure orbitdata. Called by invert eom.
Input: as invert eom with the exception of
physical comp: the component of the theta divisor which corresponds to the physical
value s, i.e. to the component of the vector of holomorphic differentials dz=[1/sqrt(P(z)),
z/sqrt(P(z))] (P=<polynomial>) which appears in the differential equation to solve.
Output: is a procedure.

invert_hyperelliptic_first:=proc(zeros,physical_comp,initial_values,

constant,substitution,periodM,datafile)

local realNS,complexNS,periodMatrix,periods_first,periods_second,M,

Eps,initNewton,modified_init,H,invert_data,Max,k;

global periodsInverse,tau;

uses UtilityRoutines, PeriodsGenusTwo, LinearAlgebra;

# -------- compute periods

realNS,complexNS:=separate_zeros(zeros);

if periodM=0 then

lprint("computing periods ...");

periodMatrix:=periods(realNS,complexNS,Digits);

else periodMatrix:=periodM;

end if;

set_period_globals_genus2(periodMatrix);

# --------- check periods

print("periods=",periodMatrix);

periods_first:=Matrix([[periodMatrix[1,1],periodMatrix[1,2]],
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[periodMatrix[2,1],periodMatrix[2,2]]]):

periods_second:=Matrix([[periodMatrix[1,3],periodMatrix[1,4]],

[periodMatrix[2,3],periodMatrix[2,4]]]):

M:=evalm(periods_second &* Transpose(periods_first)

-periods_first &* Transpose(periods_second));

print("Legendre relation=",M);

if abs(M[1,2])>10^(-Digits) then

Eps:=abs(M[1,2])*10;

WARNING("in invert_hyperelliptic_first: accuracy reduced to %1 due to

Legendre relation",Eps);

else Eps:=10^(-Digits+1);

end if;

# --------- determine initial value for Newton method in proc solution

if physical_comp=1 then

WARNING("in invert_hyperelliptic_first:

case that physical component is the first has to be tested");

if type(initial_values[2],infinity) then

initNewton:=0; modified_init:=sqrt(constant)*initial_values[1];

elif inlist(initial_values[2],realNS)>0 then

initNewton:=-eval_period(inlist(initial_values[2],realNS),

infinity,realNS,zeros,periodMatrix,2);

modified_init:=sqrt(constant)*initial_values[1]+eval_period(

inlist(initial_values[2],realNS),infinity,realNS,zeros,periodMatrix,1);

else

k:=inlist(initial_values[2],sort([op(realNS),initial_values[2]]));

if k=nops(realNS)+1 then k:=nops(realNS) end if;

H:=IntegrateHyperelliptic[int_genus2_first](zeros,initial_values[2],realNS[k]);

initNewton:=-eval_period(k,infinity,realNS,zeros,periodMatrix,1)-H[2];

modified_init:=sqrt(constant)*initial_values[1]

+eval_period(k,infinity,realNS,zeros,periodMatrix,2)+H[1];

end if;

else

if type(initial_values[2],infinity) then

initNewton:=0; modified_init:=sqrt(constant)*initial_values[1];

elif inlist(initial_values[2],realNS)>0 then

initNewton:=-eval_period(inlist(initial_values[2],realNS),infinity,

realNS,zeros,periodMatrix,1);

modified_init:=sqrt(constant)*initial_values[1]+eval_period(

inlist(initial_values[2],realNS),infinity,realNS,zeros,periodMatrix,2);

else

k:=inlist(initial_values[2],sort([op(realNS),initial_values[2]]));

if k=nops(realNS)+1 then k:=nops(realNS) end if;

H:=IntegrateHyperelliptic[int_genus2_first](zeros,initial_values[2],realNS[k]);

initNewton:=-eval_period(k,infinity,realNS,zeros,periodMatrix,1)-H[1];

modified_init:=sqrt(constant)*initial_values[1]

+eval_period(k,infinity,realNS,zeros,periodMatrix,2)+H[2];
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end if;

invert_data:=[sqrt(constant)*initial_values,

[-initNewton,modified_init-sqrt(constant)*initial_values[1]],Max];

end if;

lprint("check initial value for Newton method ...");

Max:=check_initNewton(physical_comp,initNewton,[sqrt(constant)*initial_values[1],

initial_values[2]],modified_init,Eps);

# --------- save relevant data for later use in global variable

if not _params[’datafile’]=NULL then

if physical_comp=1 then

invert_data:=[sqrt(constant)*initial_values,[modified_init

-sqrt(constant)*initial_values[1],-initNewton],Max];

else invert_data:=[sqrt(constant)*initial_values,

[-initNewton,modified_init-sqrt(constant)*initial_values[1]],Max];

end if;

save periodMatrix, invert_data, Eps, cat(datafile,".mpl");

print(cat("in invert_hyperelliptic_first: periodMatrix saved to ",datafile,".mpl"));

# --------- solution function

affine_list->orbitdata(initial_values,modified_init,map(x->sqrt(constant)*x,

affine_list),substitution,initNewton,Eps,Max,physical_comp,datafile);

else

affine_list->orbitdata(initial_values,modified_init,map(x->sqrt(constant)*x,

affine_list),substitution,initNewton,Eps,Max,physical_comp);

end if;

end proc:

Procedure solve elliptic third: Solves an elliptic integral of third kind of the
form

∫ x

xin
<integrand>(z)/

√

P (z)dz, where P (z) is the Weierstrass polynomial P (x) =

4x3 − g2x − g3 and <integrand> is given by <integrand>(x) = 1/(x − c) for a con-
stant c. It is assumed that x(s) = ℘(s − sin, g2, g3) for an affine Parameter s and
that the variables sin, g2, g3 were computed by the procedure invert elliptic first.
Input: as solve eom.
Output: as solve eom.

solve_elliptic_third:=proc(zeros, integrand, datafile)

local periods,G2,G3,integrate_init,inits,pole,e,v,wppv,zetav,sigmav,m:

uses UtilityRoutines;

# read relevant data: periodMatrix,g2,g3,integrate_initial,initials

try read cat(datafile,".mpl");

catch: error "could not locate the datafile %1",cat(datafile,".mpl");

end try;

# copy to local

periods:=periodMatrix; G2:=g2; G3:=g3;

ntegrate_init:=integrate_initial; inits:=initials;
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# determine the pole

pole:=solve(1/integrand(y)=0,y):

if inlist(pole,zeros)>0 then

error "invalid use; integral is of second kind" end if:

# find the values v1, v2 in the fundamental rectangle

# such that WeierstrassP(vi)=pole

v:=find_Weierstrass_values(zeros,pole,periods,G2,G3);

# calculate WeierstrassPPrime(v), WeierstrassZeta(v),

# and WeierstrassSigma(inits[1]-integrate_init-v[i])

wppv:=map(x->WeierstrassPPrime(x,G2,G3),v);

zetav:=map(x->WeierstrassZeta(x,G2,G3),v);

sigmav:=map(x->log(WeierstrassSigma(-integrate_init-x,G2,G3)),v);

# solution is given by v->add( 1/wppv[i]*(zetav[i]*(v-v0)

# +log(WeierstrassSigma(v-v[i]))-sigmav[i]), i=1..2), where

# v0:=-integrate_init; v:=s-(s0+integrate_init);

# if WeierstrassP(v)=y=WeierstrassP(s-(s0+integrate_init)).

# Note that the branch of log has to be chosen appropiatly!

proc(s)

local eps,K,S,k,result,result_all,p,l,range,j,i,Im_NS,Re_NS,count,corr;

eps:=10^(-Digits+2);

if type(s,list) then

K:=inlist(inits[1],s);

if K=-1 then

error "initial value must be contained in the list of affine parameters";

elif K=1 then S:=[s];

else S:=[s[K..nops(s)],[seq(s[K-j],j=0..K-1)]] end if;

result_all:=[0]:

else

S:=[[inits[1],s]]; result_all:=[]:

end if;

for p from 1 to nops(S) do

result:=Array(1..nops(S[p])-1);

k:=[0,0];

for l from 1 to nops(S[p])-1 do

# ------------------- correct branch of log:

# has to be changed if imaginary part is zero and real part negative

range:=[ sort([S[p][l],S[p][l+1]]) ];

# determine the zeros of Im(WeierstrassSigma(s-integrate_init-v[j]))

# with a combination of fsolve and nested intervals

for j from 1 to 2 do

# Correction is 2*Pi*I*k[j]/wppv[j]; do not correct imaginary part:

if Im(wppv[j])<10^(-Digits+trunc(Digits/5)) then break end if;

count:=0; i:=1; Im_NS:=[];

while i<=nops(range) do

try Im_NS:=[op(Im_NS),fsolve(Im(WeierstrassSigma(x-integrate_init-v[j],

G2,G3))=0,x,x=range[i][1]..range[i][2],fulldigits)];
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catch: i:=i+1: next:

end try:

# if fsolve found a zero search for others

if type(Im_NS[-1],realcons) then

range:=[op(1..i-1,range),[range[i][1],Im_NS[-1]-eps],

[Im_NS[-1]+eps,range[i][2]],op(i+1..nops(range),range)];

count:=0;

# if fsolve failed to find a zero, remove unevaluated expression

# and check for different signs at interval bounds

else

Im_NS:=Im_NS[1..nops(Im_NS)-1];

# if signs ARE different divide interval (maximal 10 times)

# and try again fsolve (not increasing i!)

if Im(WeierstrassSigma(range[i][1]-integrate_init-v[j],G2,G3))

*Im(WeierstrassSigma(range[i][2]-integrate_init-v[j],G2,G3))<0 then

if count<10 then

range:=[op(1..i-1,range),[range[i][1],(range[i][1]+range[i][2])/2],

[(range[i][1]+range[i][2])/2,range[i][2]],op(i+1..nops(range),range)];

count:=count+1;

# if fsolve could not locate a zero (known to exist) even after nesting

# intervals issue a warning and check whether real part is negative

else

WARNING("for l=%1 and j=%2 a zero in %3 could not be found!",l,j,range[i]);

if Re(WeierstrassSigma(range[i][1]-integrate_init-v[j],G2,G3))<0

and Re(WeierstrassSigma(range[i][2]-integrate_init-v[j],G2,G3))<0 then

if sign(evalf(S[p][l+1]))*Im(WeierstrassSigma(

range[i][1]-integrate_init-v[j],G2,G3))>0 then

k[j]:=k[j]+1; else k[j]:=k[j]-1:

end if;

i:=i+1; count:=0;

elif Re(WeierstrassSigma(range[i][1]-integrate_init-v[j],G2,G3))

*Re(WeierstrassSigma(range[i][2]-integrate_init-v[j],G2,G3))<0 then

Re_NS:=fsolve(Re(WeierstrassSigma(x-integrate_init-v[j],G2,G3))=0,

x,x=range[i][1]..range[i][2],fulldigits);

if type(Re_NS,realcons) then

range:=[op(1..i-1,range),[range[i][1],zero_Re-eps],

[zero_Re+eps,range[i][2]],op(i+1..nops(range),range)];

else

range:=[op(1..i-1,range),[range[i][1],(range[i][1]+range[i][2])/2],

[(range[i][1]+range[i][2])/2,range[i][2]],op(i+1..nops(range),range)];

end if;

count:=count-1:

else i:=i+1; count:=0;

end if;

end if;

# if signs ARE NOT different there are no zeros (or an even number)
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else

i:=i+1;

end if; # signs at interval bounds

end if; # fsolve did not find a zero

end do; # i<=nops(range)

for i from 1 to nops(Im_NS) do

if Re(WeierstrassSigma(Im_NS[i]-integrate_init-v[j],G2,G3))<0 then

if sign(evalf(S[p][l+1]))*Im(WeierstrassSigma(

Im_NS[i]-eps-integrate_init-v[j],G2,G3))>0 then

k[j]:=k[j]+1; else k[j]:=k[j]-1;

end if;

end if;

end do:

end do; # j=1..2

# -------------------------------------- compute solution

result[l]:=evalf(add( 1/wppv[m]*( zetav[m]*(S[p][l+1]-inits[1])

+log(WeierstrassSigma(S[p][l+1]-inits[1]-integrate_init-v[m],G2,G3))

+evalf(2*Pi*I*k[m])-sigmav[m] ), m=1..2));

# ------- could have missed even number of zeros lying close together

if l>1 then

count:=0: corr:=abs(evalf(2*Pi*I/wppv[1]));

while ( abs(Re(result[l-1])-Re(result[l]))>9/10*corr and count<10) do

if Re(result[l])>Re(result[l-1]) then result[l]:=result[l]-corr;

else result[l]:=result[l]+corr; end if;

count:=count+1;

end do;

end if;

end do; # l=1..nops(S[p])-1

if p=1 then result_all:=[op(result_all),seq(result[j],j=1..ArrayNumElems(result))];

else result_all:=[seq(result[K-j],j=1..K-1),op(result_all)]; end if;

end do; # p=1..nops(S)

if type(s,list) then result_all; else op(result_all); end if;

end proc:

end proc:

Procedure find Weierstrass value: The procedure solve elliptic third needs to
solve some equations of the form ℘(v) = <pole> for v. This carried through by this
procedure.
Input:
zeros: the zeros of the Weierstrass polynomial P (x) = 4x3 − g2x − g3,
pole: see above,
periods: the periods of ℘,
G2,G3: the constants in P (x) = 4x3 − g2x − g3.
Output: the two values of v in the fundamental period parallelogram such that
℘(v) = <pole> as a list.
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find_Weierstrass_values:=proc(zeros,pole,Periods,G2,G3)

local e,realNS,complexNS,v1,v2,i:

uses UtilityRoutines;

e:=sort(zeros,sortfkt):

realNS,complexNS:=separate_zeros(e):

for i in [0,-1,1] do

if nops(realNS)=3 then

if pole>=e[3] then

v1:=Re(fsolve(WeierstrassP(t*Periods[1,1],G2,G3)=pole,t=0.5+i*0.4));

while not (0<=v1 and v1<=2) do v1:=v1-sign(v1)*2 end do;

v1:=v1*Periods[1,1]; v2:=2*Periods[1,1]-v1;

elif pole>=e[2] then

v1:=Re(fsolve(WeierstrassP(t*Periods[1,2]+Periods[1,1],G2,G3)=pole,t=0.5+i*0.4));

while not (0<=v1 and v1<=2) do v1:=v1-sign(v1)*2 end do;

v1:=v1*Periods[1,2]+Periods[1,1]; v2:=2*Periods[1,1]+2*Periods[1,2]-v1;

elif pole>=e[1] then

v1:=Re(fsolve(WeierstrassP(t*Periods[1,1]+Periods[1,2],G2,G3)=pole,t=0.5+i*0.4));

while not (0<=v1 and v1<=2) do v1:=v1-sign(v1)*2 end do;

v1:=v1*Periods[1,1]+Periods[1,2]; v2:=2*Periods[1,1]+2*Periods[1,2]-v1;

else

v1:=Re(fsolve(WeierstrassP(t*Periods[1,2],G2,G3)=pole,t=0.5+i*0.4));

while not (0<=v1 and v1<=2) do v1:=v1-sign(v1)*2 end do;

v1:=v1*Periods[1,2]; v2:=2*Periods[1,2]-v1;

end if;

else

if pole>realNS[1] then

v1:=Re(fsolve(WeierstrassP(t*Periods[1,1],G2,G3)=pole,t=0.5+i*0.4));

while not (0<=v1 and v1<=2) do v1:=v1-sign(v1)*2 end do;

v1:=v1*Periods[1,1]; v2:=2*Periods[1,1]-v1;

else

if Im(e[1])=0 then

v1:=fsolve(WeierstrassP(t*Periods[1,2],G2,G3)=pole,t=0.5+i*0.4);

v1:=v1*Periods[1,2]; v2:=2*Periods[1,2]-v1;

elif Im(e[3])=0 and pole>Re(e[2]) then

v1:=fsolve(WeierstrassP(t*Periods[1,2]+Periods[1,1],G2,G3)=pole,t=0.5+i*0.4);

v1:=v1*Periods[1,2]+Periods[1,1]; v2:=2*Periods[1,1]+2*Periods[1,2]-v1;

elif Im(e[3])=0 then

v1:=fsolve(WeierstrassP(t*Periods[1,2],G2,G3)=pole,t=0.5+i*0.4);

v1:=v1*Periods[1,2]; v2:=2*Periods[1,2]-v1;

end if:

end if:

end if:

if type(v1,complexcons) and abs(WeierstrassP(v1,G2,G3)-pole)>10^(-Digits+4)

and abs(WeierstrassP(v2,G2,G3)-pole)>10^(-Digits+4) then break end if;

end do;

if abs(WeierstrassP(v1,G2,G3)-pole)>10^(-Digits+4)
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or abs(WeierstrassP(v2,G2,G3)-pole)>10^(-Digits+4) then

WARNING("(in find_Weierstrass_values) could not solve within the given accuracy

for WeierstrassP(v)=%1; results were WeierstrassP(v)=%2 and WeierstrassP(v)=%3 ",

pole,WeierstrassP(v1,G2,G3),WeierstrassP(v2,G2,G3));

end if:

[v1,v2];

end proc:

Procedure solve hyperelliptic first: Solves the integral
∫ x

xin
z<component>−1dz/

√

P (z),
where P is a polynomial of degree 5 in the standard form.
Input: component, datafile
Output: solution of the integral

solve_hyperelliptic_first:=proc(component,datafile)

# read extended_orbitdata=[seq( [subs_coord[j],coordinates[j],x[j],Divisor[j],

# affine_list[j]], j=1..nops(coordinates) )];

try read cat(datafile,"_orbitdata.mpl");

catch: error "could not locate the datafile %1",cat(datafile,"_orbitdata.mpl");

end try;

# read rdata=periodMatrix,invert_data,Eps:

try read cat(datafile,".mpl");

catch: error "could not locate the datafile %1",cat(datafile,".mpl");

end try;

[seq(extended_orbitdata[j][4][component]+invert_data[2][component],

j=1..nops(extended_orbitdata))]:

end proc:

Procedure solve hyperelliptic third: Solves an hyperelliptic integral of third
kind of the form

∫ x

xin
<integrand>(z)/

√

P (z)dz, where P (z) is a polynomial of degree

5 in the standard form and <integrand> is given by <integrand>(x) = 1/(x − c)
for a constant c. It is assumed that x(s) is explicitly known in terms of hyperelliptic
functions and that certain variables (for example sin) and the periods of second kind
(see module PeriodsSecondGenusTwo) were computed before. Input:
zeros: the zeros of the polynomial P ,
r1,r2: the elements of the vector of meromorphic differentials,
eta: the matrix of periods of second kind,
integrand: <integrand>(x) = 1/(x − c) for a constant c,
datafile: see solve eom.
Output: solution of the integral.

solve_hyperelliptic_third:=proc(zeros,r1,r2,eta, integrand, datafile)

local pole,Periods,init,s0,Max,epsilon,realNS,complexNS,k,int_dz,int_2,
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int_3,inf1,inf2,int_dr1,int_dr2,xi_inf,yi_inf,R,eta1,kappa,g,h,sigma;

global periodsInverse,tau;

uses UtilityRoutines, IntegrateHyperelliptic, Thetafunctions,

PeriodsGenusTwo, LinearAlgebra;

# read relevant data: datafile contains periodMatrix,invert_data, and Eps;

# datafile_secondkindperiods contains eps, which is relevant

try read cat(datafile,".mpl");

catch: error "could not locate the datafile %1",cat(datafile,".mpl");

end try;

# copy to local

Periods:=periodMatrix; init:=invert_data[1];

s0:=invert_data[2]; Max:=invert_data[3];

# set gobals related to periodMatrix

set_period_globals_genus2(Periods);

# determine the pole

pole:=solve(1/integrand(y)=0,y):

if inlist(pole,zeros)>0 then

error "invalid use; integral is of second kind" end if:

# in the solution of an hyperelliptic integral of third kind

# appear three constants, namely: int(x^i/sqrt(P),x=(pole,+)..infinity),

# int(x^i/sqrt(P),x=(pole,-)..infinity), int(dri, x=(pole,-)..(pole,+)),

# where i=0,1, dri=dr1,dr2, and (pole,+-) is the pole located on the

# +- branch of the square root. Note that one integration of dri needs

# actually up to three integrations, one for each power of x

# the integration for x^1 (and x^0) is called int_dz, for x^2 int_2,

# and for x^3 int_3.

lprint(’‘compute constants needed for solution hyperelliptic

integral of third kind ... ‘’);

realNS,complexNS:=separate_zeros(zeros);

# sort by location of the pole

k:=inlist(pole,sort([pole,op(zeros)],sortfkt));

if k>inlist(realNS[-1],zeros) or k=5 then # pole on realNS[-1]..infinity

int_dz:=myint_genus2(zeros,pole,realNS[-1],1,Digits);

int_2:=2*myint_genus2_second(zeros,[0,0,1],pole,realNS[-1],1,Digits);

int_3:=2*myint_genus2_second(zeros,[0,0,0,1],pole,realNS[-1],1,Digits);

inf1:=eval_period(nops(realNS),infinity,realNS,zeros,Periods,1);

inf2:=eval_period(nops(realNS),infinity,realNS,zeros,Periods,2);

# in the remaining cases there is at least one real zero > pole!

elif k=4 then

if Im(zeros[4])=0 then

int_dz:=myint_genus2(zeros,pole,zeros[4],1,Digits);

int_2:=2*myint_genus2_second(zeros,[0,0,1],pole,zeros[4],1,Digits);

int_3:=2*myint_genus2_second(zeros,[0,0,0,1],pole,zeros[4],1,Digits);

inf1:=eval_period(inlist(zeros[4],realNS),infinity,realNS,zeros,Periods,1);

inf2:=eval_period(inlist(zeros[4],realNS),infinity,realNS,zeros,Periods,2);

else # cases Ima2Per3 and Ima4Per1
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error "case that the pole is located on a vertical branch cut is tbd";

end if;

elif k=3 then

if Im(zeros[2])=0 and Im(zeros[1])=0 then

int_dz:=myint_genus2(zeros,pole,zeros[2],1,Digits);

int_2:=2*myint_genus2_second(zeros,[0,0,1],pole,zeros[2],1,Digits);

int_3:=2*myint_genus2_second(zeros,[0,0,0,1],pole,zeros[2],1,Digits);

inf1:=eval_period(inlist(zeros[2],realNS),infinity,realNS,zeros,Periods,1);

inf2:=eval_period(inlist(zeros[2],realNS),infinity,realNS,zeros,Periods,2);

elif Im(zeros[3])=0 and Im(zeros[4])=0 then

int_dz:=myint_genus2(zeros,pole,zeros[3],1,Digits);

int_2:=2*myint_genus2_second(zeros,[0,0,1],pole,zeros[3],1,Digits);

int_3:=2*myint_genus2_second(zeros,[0,0,0,1],pole,zeros[3],1,Digits);

inf1:=eval_period(inlist(zeros[3],realNS),infinity,realNS,zeros,Periods,1);

inf2:=eval_period(inlist(zeros[3],realNS),infinity,realNS,zeros,Periods,2);

elif pole=Re(zeros[2]) then # Ima2Per2

int_dz:=myint_genus2(zeros,pole,realNS[1],1,Digits);

int_2:=2*myint_genus2_second(zeros,[0,0,1],pole,realNS[1],1,Digits);

int_3:=2*myint_genus2_second(zeros,[0,0,0,1],pole,realNS[1],1,Digits);

inf1:=eval_period(1,infinity,realNS,zeros,Periods,1);

inf2:=eval_period(1,infinity,realNS,zeros,Periods,2);

else # Ima4Per1 or Ima4Per3

R:=add( Re(coeffsP[i])*x^(i-1), i=1..6 );

int_dz:=Vector([I*evalf(Int(1/sqrt(-R),x=pole..Re(zeros[2]),digits=Digits)),

I*evalf(Int(x/sqrt(-R),x=pole..Re(zeros[2]),digits=Digits))]);

int_2:=2*I*evalf(Int(x^2/sqrt(-R),x=pole..Re(zeros[2]),digits=Digits));

int_3:=2*I*evalf(Int(x^3/sqrt(-R),x=pole..Re(zeros[2]),digits=Digits));

int_dz:=int_dz+int_genus2_complex(zeros,Re(zeros[2]),Im(zeros[2]),1,1,Digits);

int_2:=int_2+2*int_genus2_complex_second(e,[0,0,1],Re(e[1]),

abs(Im(e[1])),1,1,Digits);

int_3:=int_3+2*int_genus2_complex_second(e,[0,0,0,1],Re(e[1]),

abs(Im(e[1])),1,1,Digits);

inf1:=Periods[1,3]-Periods[1,1];

inf2:=Periods[2,3]-Periods[2,1];

end if;

elif k=2 then

if Im(zeros[1])=0 then

int_dz:=myint_genus2(zeros,pole,zeros[1],1,Digits);

int_2:=2*myint_genus2_second(zeros,[0,0,1],pole,zeros[1],1,Digits);

int_3:=2*myint_genus2_second(zeros,[0,0,0,1],pole,zeros[1],1,Digits);

inf1:=eval_period(inlist(zeros[1],realNS),infinity,realNS,zeros,Periods,1);

inf2:=eval_period(inlist(zeros[1],realNS),infinity,realNS,zeros,Periods,2);

else # cases Ima2Per1, Ima4Per1, and Ima4Per3

error "case that the pole is located on a vertical branch cut is tbd";

end if;

elif k=1 then
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if Im(zeros[1])=0 and Im(zeros[2])=0 then

int_dz:=myint_genus2(zeros,pole,zeros[1],1,Digits);

int_2:=2*myint_genus2_second(zeros,[0,0,1],pole,zeros[1],1,Digits);

int_3:=2*myint_genus2_second(zeros,[0,0,0,1],pole,zeros[1],1,Digits);

inf1:=eval_period(1,infinity,realNS,zeros,Periods,1);

inf2:=eval_period(1,infinity,realNS,zeros,Periods,2);

elif (not Im(zeros[1])=0) and (not Im(zeros[2])=0) then

R:=add( coeffsP[i]*x^(i-1), i=1..6 );

int_dz:=Vector([evalf(I*Int(1/sqrt(-R),x=pole..Re(zeros[1]),digits=Digits)),

evalf(I*Int(x/sqrt(-R),x=pole..Re(zeros[1]),digits=Digits))])

+int_genus2_complex(zeros,Re(zeros[1]),abs(Im(zeros[1])),1,1,Digits);

int_2:=2*evalf(I*Int(x^2/sqrt(-R),x=pole..Re(zeros[1]),digits=Digits))

+2*int_genus2_complex_second(zeros,[0,0,1],Re(zeros[1]),abs(Im(zeros[1])),

1,1,Digits);

int_3:=2*evalf(I*Int(x^3/sqrt(-R),x=pole..Re(zeros[1]),digits=Digits))

+2*int_genus2_complex_second(zeros,[0,0,0,1],Re(zeros[1]),abs(Im(zeros[1])),

1,1,Digits);

inf1:=Periods[1,3]-Periods[1,1];

inf2:=Periods[2,3]-Periods[2,1];

else

R:=add( coeffsP[i]*x^(i-1), i=1..6 );

int_dz:=Vector([evalf(I*Int(1/sqrt(-R),x=pole..zeros[1],digits=Digits)),

evalf(I*Int(x/sqrt(-R),x=pole..zeros[1],digits=Digits))])

+myint_genus2(zeros,zeros[1],Re(zeros[2]),1,Digits)

+int_genus2_complex(zeros,Re(zeros[2]),abs(Im(zeros[2])),2,1,Digits);

int_2:=2*evalf(I*Int(x^2/sqrt(-R),x=pole..zeros[1],digits=Digits))

+2*myint_genus2_second(zeros,[0,0,1],zeros[1],Re(zeros[2]),1,Digits)

+2*int_genus2_complex_second(zeros,[0,0,1],Re(zeros[2]),abs(Im(zeros[2])),

2,1,Digits);

int_3:=2*evalf(I*Int(x^3/sqrt(-R),x=pole..zeros[1],digits=Digits))

+2*myint_genus2_second(zeros,[0,0,0,1],zeros[1],Re(zeros[2]),1,Digits)

+2*int_genus2_complex_second(zeros,[0,0,0,1],Re(zeros[2]),abs(Im(zeros[2])),

2,1,Digits);

inf1:=Periods[1,3]-Periods[1,1];

inf2:=Periods[2,3]-Periods[2,1];

end if;

end if;

# put together:

int_dr1:=r1[2]*2*int_dz[2]+r1[3]*int_2+r1[4]*int_3;

int_dr2:=r2[3]*int_2;

yi_inf:=[int_dz[1]+inf1,int_dz[2]+inf2];

xi_inf:=[-int_dz[1]+inf1,-int_dz[2]+inf2];

# Kleinian sigma function:

eta1:=Matrix([[eta[1,1],eta[1,2]],[eta[2,1],eta[2,2]]]);

kappa:=1/2*(eta1.periodsInverse);
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g:=[1/2,1/2]: h:=[0,1/2]:

# As the exponential term in the definition of sigma:

# evalf( exp(add(z[i]*add(kappa[i,j]*z[j],j=1..2),i=1..2)) )

# may cause a bad accuracy it is treated separately.

sigma:= z -> evalf(Theta2ch( Vector([ 1/2*add(periodsInverse[1,i]*z[i],i=1..2),

1/2*add(periodsInverse[2,i]*z[i], i=1..2) ]),tau,Max));

proc(s)

local divisor,affinelist,pos0,const,vars,log_vars,branch,res,l;

global date, workdir;

# read extended_orbitdata=[seq( [subs_coord[j],coordinates[j],x[j],Divisor[j],

# affine_list[j]], j=1..nops(coordinates) )];

try read cat(datafile,"_orbitdata.mpl");

catch: error "could not locate the datafile %1",cat(datafile,"_orbitdata.mpl");

end try:

divisor:=[seq(extended_orbitdata[j][4], j=1..nops(extended_orbitdata))]:

affinelist:=[seq(extended_orbitdata[j][5], j=1..nops(extended_orbitdata))]:

pos0:=inlist(init[1],affinelist);

if pos0=-1 then

error "position of initial value could not be located in list of affine parameters":

end if;

lprint(’‘compute solution points ... ‘’);

const:=evalm(2*divisor[pos0]&*kappa&*(xi_inf-yi_inf))

+1/2*log(sigma([divisor[pos0][1]+2*xi_inf[1],divisor[pos0][2]+2*xi_inf[2]])

/sigma([divisor[pos0][1]+2*yi_inf[1],divisor[pos0][2]+2*yi_inf[2]]));

vars:=[seq( sigma([seq(divisor[l][j]+2*xi_inf[j],j=1..2)])

/sigma([seq(divisor[l][j]+2*yi_inf[j],j=1..2)]), l=1..nops(divisor) )];

log_vars:=[seq(evalm(2*divisor[l]&*kappa&*(xi_inf-yi_inf)),l=1..nops(divisor))];

branch:=0;

res:=[evalf( log_vars[pos0] + 1/2*log(vars[pos0]) - const - ( (divisor[pos0][1]+s0[1])

*int_dr1[i]+(divisor[pos0][2]+s0[2])*int_dr2[i] ) )];

for l from pos0+1 to nops(divisor) do

if Re(vars[l-1])<0 then

if Im(vars[l-1])>0 and Im(vars[l])<0 then branch:=branch+1;

elif Im(vars[l-1])<0 and Im(vars[l])>0 then branch:=branch-1;

end if;

end if;

res:=[op(res), evalf( log_vars[l] + 1/2*log(vars[l]) +evalf(Pi*I*branch) -const

-((divisor[l][1]+s0[1])*int_dr1+(divisor[l][2]+s0[2])*int_dr2))];

end do:

branch:=0;

for l from pos0-1 by -1 to 1 do

if Re(vars[l+1])<0 then

if ( Im(vars[l+1])>0 and Im(vars[l])<0 ) then branch:=branch+1;
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elif ( Im(vars[l+1])<0 and Im(vars[l])>0 ) then branch:=branch-1;

end if;

end if;

res:=[evalf( log_vars[l] + 1/2*log(vars[l]) +evalf(Pi*I*branch) -const

-((divisor[l][1]+s0[1])*int_dr1+(divisor[l][2]+s0[2])*int_dr2)), op(res)];

end do:

res/sqrt(Re(mul(pole-zeros[j],j=1..5)));

end proc:

end proc:

Procedure compute secondkindperiods: Computes the periods of second kind.
Input:
zeros: the zeros of the polynomial defining the Riemann surface (used to define the
vector of meromorphic differentials),
Eps: the accuracy of the period matrix of first kind,
periodMatrix: the period matrix of first kind,
datafile: see solve eom.
Output: the period matrix of second kind.

compute_secondkind_periods:=proc(zeros,Eps,periodMatrix,datafile)

local eps,periods_first,periods_second,P,coeffsP,r1,r2,realNS,

complexNS,secondkindperiods,eta1,eta2,M;

uses UtilityRoutines, PeriodsSecondGenusTwo, LinearAlgebra;

# copy to local

eps:=Eps;

periods_first:=Matrix([[periodMatrix[1,1],periodMatrix[1,2]],

[periodMatrix[2,1],periodMatrix[2,2]]]):

periods_second:=Matrix([[periodMatrix[1,3],periodMatrix[1,4]],

[periodMatrix[2,3],periodMatrix[2,4]]]):

# define differentials of 2. kind

P:=mul(x-zeros[i],i=1..5); coeffsP:=[seq(Re(coeff(P,x,i)),i=0..5)];

# dr1=add( 1/4*k*coeffsP[k+3]*x^k, k=1..3 ), dr2=1/4*coeffsP[6]*x^2;

r1:=[0,1/4*coeffsP[4],1/2*coeffsP[5],3/4*coeffsP[6]];

r2:=[0,0,1/4*coeffsP[6]];

realNS,complexNS:=separate_zeros(zeros);

# compute periods of 2. kind

lprint(’‘compute second kind periods ... ‘’);

secondkindperiods:=periods_genus2_second(r1,r2,realNS,complexNS,Digits);

# check result

eta1:=Matrix([[secondkindperiods[1,1],secondkindperiods[1,2]],

[secondkindperiods[2,1],secondkindperiods[2,2]]]);

eta2:=Matrix([[secondkindperiods[1,3],secondkindperiods[1,4]],

[secondkindperiods[2,3],secondkindperiods[2,4]]]);

M:=eta2.Transpose(eta1)-eta1.Transpose(eta2);

print("Legendre relation for periods of second kind=",M);
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if abs(M[1,2])>eps/10 then

eps:=abs(M[1,2])*10;

WARNING("in solve_hyperelliptic_third: accuracy further reduced to %1

due to Legendre relation for periods of second kind",eps);

end if;

M:=evalm(periods_second&*Transpose(eta1)-periods_first&*Transpose(eta2));

print("mixed Legendre relation=",M);

if (abs(M[1,2])>eps/10 or abs(evalf(M[1,1]-Pi/2*I))>eps/10) then

eps:=max(abs(M[1,2]),abs(evalf(M[1,1]-Pi/2*I)))*10;

WARNING("in solve_hyperelliptic_third: accuracy further reduced to %1

due to relation between for periods of first and second kind",eps);

end if;

save secondkindperiods, eps, cat(datafile,"_secondkindperiods.mpl");

print(cat("saved second kind period matrix to ",datafile,"_secondkindperiods.mpl"));

secondkindperiods,r1,r2;

end proc:

Procedure check initNewton: Determines the number of summands used to
compute the series of the theta and sigma function in the following. This is done by
checking that sigma of an element of the theta divisor, say z, is zero. If one of the
two components of z corresponds to the initial value of the affine parameter s (or the
ϕ-coordinate for spherical symmetric space-times) the other one can be computed
exactly and is given by <initNewton>. It is checked in this procedure how accurately
the sigma function (or the theta function, respectively) has to be computed to be
zero within the accuracy <Eps> if evaluated at z.
Input:
physical comp: see invert hyperelliptic first,
initNewton: the initial value for the Newton method to be used in procedure solution;
computed in invert hyperelliptic first,
initial values: the initial values [sin, xin] with s and x as in invert eom; the affine
parameter s is replaced by the ϕ-coordinate in case of spherical symmetric space-
times,
modified init: initial value[2] (for x) +

∫ ∞
xin(s)

<integrand>(x)/
√

<polynomial>(x);

the integral was computed in invert eom,
Eps: the accuracy for the Newton method.
Output: the natural number Max, where 5 ≤ Max ≤ 30.

check_initNewton:=proc(physical_comp,initNewton,initial_values,modified_init,Eps)

local g,h,z,Max,f,s1,s2,u,i,k,l,sigma,m1,m2,m;

global periodsInverse,tau;

uses Thetafunctions;

g:=[1/2,1/2]; h:=[0,1/2];

# verify Theta2ch(1/2*periodsInverse*[affineParameter-modified_init,initNewton])=0

# for affineParameter=initial_values[1] within the accuracy Eps
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if physical_comp=1 then

z:=evalm(1/2* periodsInverse &* Vector([initial_values[1]-modified_init,initNewton]));

else

z:=evalm(1/2* periodsInverse &* Vector([initNewton,initial_values[1]-modified_init]));

end if;

Max:=5;

f:=evalf(Theta2ch(z,tau,Max));

while ( (abs(Re(f))>Eps/10 or abs(Im(f))>Eps/10) and Max<30) do

for m1 from -Max-1 to Max+1 do

m:=[m1,-Max-1];

f:=f+evalf(exp(Pi*I*add((m[i]+g[i])*(add(tau[i,j]*(m[j]+g[j]),j=1..2)

+2*z[i]+2*h[i]),i=1..2)));

m:=[m1,Max+1];

f:=f+evalf(exp(Pi*I*add((m[i]+g[i])*(add( tau[i,j]*(m[j]+g[j]),j=1..2)

+2*z[i]+2*h[i]),i=1..2)));

end do;

for m2 from -Max to Max do

m:=[-Max-1,m2];

f:=f+evalf(exp(Pi*I*add((m[i]+g[i])*(add(tau[i,j]*(m[j]+g[j]),j=1..2)

+2*z[i]+2*h[i]),i=1..2)));

m:=[Max+1,m2];

f:=f+evalf(exp(Pi*I*add((m[i]+g[i])*(add(tau[i,j]*(m[j]+g[j]),j=1..2)

+2*z[i]+2*h[i]),i=1..2)));

end do;

Max:=Max+1;

end do;

# Compute corresponding solution of hyperelliptic problem

s1:=evalf(sigma1(z,tau,Max));

s2:=evalf(sigma2(z,tau,Max));

u:=-evalf((s1*periodsInverse[1,1]+s2*periodsInverse[2,1])

/(s1*periodsInverse[1,2]+s2*periodsInverse[2,2]));

# correct value?

if ((initial_values[2]=infinity and abs(u)<1/Eps*10^(-4))

or (initial_values[2]<infinity and abs(u-initial_values[2])>Eps*10^4)) then

Max:=Max+1:

s1:=evalf(sigma1(z,tau,Max));

s2:=evalf(sigma2(z,tau,Max));

u:=-evalf((s1*periodsInverse[1,1]+s2*periodsInverse[2,1])

/(s1*periodsInverse[1,2]+s2*periodsInverse[2,2]));

if ((initial_values[2]=infinity and abs(u)<1/Eps)

or (initial_values[2]<infinity and abs(u-initial_values[2])>Eps*10^4)) then

error "u(%1) not close enough to u0=%2 for x0=%3",

initial_values[1],initial_values[2],initNewton;

end if:

end if;

print(cat("maximal summation index for Kleinian sigma function set to",Max));
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Max;

end proc:

Procedure orbitdata: For a list of values of s, orbitdata organizes the calcula-
tion of the solution x(s) described in invert eom and invert hyperelliptic first. The
calculation itself is done by the procedure solution.
Input: see check initNewton and
affine list: list of values of s,
substitution: the substitution used to convert the differential equation to the stan-
dard form,
MinMax: the extremal values for the summation indices of the theta function,
physical comp: see invert hyperelliptic first,
datafile: see invert eom.
Output: list of solutions x(s).

orbitdata:=proc(initial_values,modified_init,affine_list,substitution,initNewton,

Eps,MinMax,physical_comp,datafile)

local init_coord,pos0,x,coordinates,Divisor,coord,subs_coord,count,i,

extended_orbitdata;

global periodsInverse,tau;

uses UtilityRoutines, Thetafunctions;

#copy to local

init_coord:=initial_values[2];

# determine position of initial_values[1] in affine_list

pos0:=inlist(initial_values[1],affine_list);

if pos0=-1 then

error "initial value %1 is not contained in list of affine parameters",

initial_values[1]:

end if;

# -------- initial values

x:=[initNewton]; coordinates:=[init_coord]; subs_coord:=[substitution(init_coord)];

# (2*omega)^(-1).(f(-phi0),-phi0)) = (2*omega)^(-1).(x0,-phi0)

if physical_comp=1 then Divisor:=[Vector([-modified_init,initNewton])];

else Divisor:=[Vector([initNewton,-modified_init])];

end if;

# -------- compute solution points

print(cat("computing ",convert(nops(affine_list)-pos0,string)," solution points

from i=",convert(pos0+1,string)," to ",convert(nops(affine_list),string)," ..."));

# points from pos0+1

for i from pos0+1 to nops(affine_list) do

coord:=solution(affine_list[i]-modified_init,x[-1],Eps,MinMax,physical_comp);

count:=1;

while (nops(coord)=2 and Re(op(2,coord))<1 and Im(op(2,coord))<1 and count<3) do

print(’‘Try more iterations ...‘’);

coord:=solution(affine_list[i]-modified_init,op(1,coord)[-1],
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Eps,MinMax,physical_comp);

count:=count+1;

end do;

if ( nops(coord)=3 and Im(op(1,coord))<100*Eps ) then

coordinates:=[op(coordinates),Re(op(1,coord))];

subs_coord:=[op(subs_coord),substitution(Re(op(1,coord)))];

x:=[op(x),op(2,coord)];

Divisor:=[op(Divisor),op(3,coord)];

else

WARNING("in orbitdata: solution point for %1 (%2. element)

could not be computed; result was %3",affine_list[i],i,op(1,coord));

break;

end if;

if type(i/10,integer) then print(’‘ ... ‘’); end if;

end do:

# points to pos0:

print(cat("computing ",convert(pos0-1,string),

" solution points from i=",convert(pos0-1,string)," to 1 ..."));

for i from pos0-1 by -1 to 1 do

coord:=solution(affine_list[i]-modified_init,x[1],Eps,MinMax,physical_comp);

count:=1;

while (nops(coord)=2 and Re(op(2,coord))<1 and Im(op(2,coord))<1 and count<3) do

print(’‘Try more iterations ...‘’);

coord:=solution(affine_list[i]-modified_init,op(1,coord)[-1],Eps,

MinMax,physical_comp);

count:=count+1;

end do;

if ( nops(coord)=3 and Im(op(1,coord))<100*Eps ) then

coordinates:=[Re(op(1,coord)),op(coordinates)];

subs_coord:=[substitution(Re(op(1,coord))),op(subs_coord)];

x:=[op(2,coord),op(x)];

Divisor:=[op(3,coord),op(Divisor)];

else

WARNING("in orbitdata: solution point for %1 (%2. element)

could not be computed", affine_list[i],i);

break:

end if;

if type(i/10,integer) then print(’‘ ... ‘’); end if;

end do:

if not _params[’datafile’]=NULL then

extended_orbitdata:=[seq( [subs_coord[j],coordinates[j],x[j],Divisor[j],

affine_list[j]], j=1..nops(coordinates) )];

save extended_orbitdata, cat(datafile,"_orbitdata.mpl");

print(cat("extended orbitdata saved in ",datafile,"_orbitdata.mpl"));

end if;

subs_coord;
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end proc:

Procedure solution: This procedure calls solution first or solution second depen-
dent on <physical comp>.
Input:
affineParameter: the affine parameter s for which the solution of the hyperelliptic
differential equation should be computed,
initNewton: the initial value for the Newton method,
Eps: the accuracy for the Newton method,
MinMax: the extremal values for the summation indices of the theta function,
physical comp: see invert hyperelliptic first.
Output: a list with two or three elements: If the iteration process was not successful
the list has two elements, where the first is a list of the steps taken by the iteration
and the second the value of the theta function at the last iteration. If the iteration
process was successful the list has three elements, where the first is the solution of
the hyperelliptic differential equation at <affineParameter>, the second the redun-
dant unphysical component of the theta divisor used to compute the first element,
and the third (2*omega)*(the element of the thetadivisor used to compute the first
element), where omega is the first 2x2 part of the period matrix of first kind.

solution:=proc(affineParameter,initNewton,Eps,MinMax,physical_comp)

if physical_comp=1 then solution_first(affineParameter,initNewton,Eps,MinMax);

else solution_second(affineParameter,initNewton,Eps,MinMax);

end if;

end proc:

Procedures solution first and solution second: These procedures are used to
calculate the unphysical component of the theta divisor. This redundant parameter
has no physical interpretation and depends on the affine parameter s (or the physical
angle ϕ in the case of spherically symmetric space-times), the initial values of the
differential equation sin and xin (compare invert eom) and the normalized period
matrix τ . The calculation can be done by applying a Newton method to the function
f = g ◦ h : C → C2 → C,

w
h7→ z

g7→ ϑ
[(

1/2
1/2

)

,
(

0
1/2

)

]

(z; τ) , (B.2.1)

where z = (2ω)−1 ( s−sin
w ) in solution first, z = (2ω)−1 ( w

s−sin ) in solution second,
and ω is the period matrix. Since f is a complex function it has to be interpreted
as a mapping from R2 → R4 → R2 for the purpose of computing w. For each
iteration the Jacobi matrix J(f) = J(g) ·J(h) and, hence, the derivatives of Re(g) =
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Re
(

ϑ
[(

1/2
1/2

)

,
(

0
1/2

)

])

and Im(g) is needed. They are given by

∂Re(g)

∂Re(zi)
= − 2π

∞
∑

|m|=−∞
e

π

„

m+

„

1/2
1/2

««t»

Re(iτ)(m+

„

1/2
1/2

«

)−2Im(z)

–

(

mi +
(

1/2
1/2

))

sin

(

π
(

m +
(

1/2
1/2

))t [

Im(iτ)
(

m +
(

1/2
1/2

))

+ 2Re(z) + 2
(

0
1/2

)

]

)

,

∂Im(g)

∂Re(zi)
=2π

∞
∑

|m|=−∞
e

π

„

m+

„

1/2
1/2

««t»

Re(iτ)(m+

„

1/2
1/2

«

)−2Im(z)

–

(

mi +
(

1/2
1/2

))

cos

(

π
(

m +
(

1/2
1/2

))t [

Im(iτ)
(

m +
(

1/2
1/2

))

+ 2Re(z) + 2
(

0
1/2

)

]

)

.

(B.2.2)
The derivatives with respect to Im(zi) can be derived from the Cauchy-Riemann
differential equation and need not to be computed. To compute x(s) for a list
s = [s[1], . . . , s[m]] the starting value <initNewton> for the Newton iteration wn+1 =
wn − J(f(wn))−1f(wn) to compute w corresponding to s[i], is chosen to be w corre-
sponding to s[i − 1]. Once the Newton iteration successfully found a zero of f , this
zero is inserted in the formula of the solution of the geodesic equation.
Input: as solution.
Output: as solution.

solution_first:=proc(affineparameter,initNewton,Eps,MinMax)

local zeroR,zeroI,zero,affR,affI,perR,perI,P1,P2,P3,P4,z,f,af,

zfirstR,zfirstI,zsecondR,zsecondI,a,b,c,d,det,sol,count,x,s1,s2;

global periodsInverse, tau;

uses Thetafunctions, LinearAlgebra;

# Initialise

x:=[initNewton];

zeroR:=Re(initNewton);

zeroI:=Im(initNewton);

affR:=Re(affineparameter);

affI:=Im(affineparameter);

perR:=map(Re,omega1inv);

perI:=map(Im,omega1inv);

P1:=perR[1,1]*affR-perI[1,1]*affI;

P2:=perR[1,1]*affI+perI[1,1]*affR;

P3:=perR[2,1]*affR-perI[2,1]*affI;

P4:=perR[2,1]*affI+perI[2,1]*affR;

zfirstR:=1/2*(perR[1,2]*zeroR-perI[1,2]*zeroI+P1);

zfirstI:=1/2*(perR[1,2]*zeroI+perI[1,2]*zeroR+P2);

zsecondR:=1/2*(perR[2,2]*zeroR-perI[2,2]*zeroI+P3);

zsecondI:=1/2*(perR[2,2]*zeroI+perI[2,2]*zeroR+P4);
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z:=Vector([zfirstR+I*zfirstI,zsecondR+I*zsecondI]);

f:=evalf(Theta2ch(z,tau,MinMax));

af:=evalf(abs( f ));

count:=0;

# Newton Iteration

while (af > Eps and count < 30) do

# find inverse Jacobi Matrix

# M=Matrix([[a,b],[c,d]]) => M^(-1)=1/(a*d-b*c)*Matrix([[d,-b],[-c,a]])

a:=1/2*( perR[1,2]*Th2chRR(zfirstR,zfirstI,zsecondR,zsecondI,1,tau,MinMax)

-perI[1,2]*Th2chIR(zfirstR,zfirstI,zsecondR,zsecondI,1,tau,MinMax)

+ perR[2,2]*Th2chRR(zfirstR,zfirstI,zsecondR,zsecondI,2,tau,MinMax)

- perI[2,2]*Th2chIR(zfirstR,zfirstI,zsecondR,zsecondI,2,tau,MinMax) );

c:=1/2*( perR[1,2]*Th2chIR(zfirstR,zfirstI,zsecondR,zsecondI,1,tau,MinMax)

+ perI[1,2]*Th2chRR(zfirstR,zfirstI,zsecondR,zsecondI,1,tau,MinMax)

+ perR[2,2]*Th2chIR(zfirstR,zfirstI,zsecondR,zsecondI,2,tau,MinMax)

+ perI[2,2]*Th2chRR(zfirstR,zfirstI,zsecondR,zsecondI,2,tau,MinMax) );

b:=-c; d:=a;

det:=a*d-b*c;

# take a step

zeroR:=zeroR-1/det*(d*Re(f)-b*Im(f));

zeroI:=zeroI-1/det*(-c*Re(f)+a*Im(f));

zero:=zeroR+I*zeroI;

x:=[op(x),zero];

# update z and f

zfirstR:=1/2*(perR[1,2]*zeroR-perI[1,2]*zeroI+P1);

zfirstI:=1/2*(perR[1,2]*zeroI+perI[1,2]*zeroR+P2);

zsecondR:=1/2*(perR[2,2]*zeroR-perI[2,2]*zeroI+P3);

zsecondI:=1/2*(perR[2,2]*zeroI+perI[2,2]*zeroR+P4);

z:=Vector([zfirstR+I*zfirstI,zsecondR+I*zsecondI]);

f:=evalf(Theta2ch(z,tau,MinMax));

af:=evalf(abs( f ));

count:=count+1;

end do;

# if Newton method failed to find a zero within the given accuracy Eps

if (af>Eps) then

print(’‘in solution: Iteration process stopped after 30 iterations.‘’);

print(’‘Theta2ch( 1/2*omega1inv*(phi,initNewton)^t ) = ‘’,f);

return [x,f];

end if;

# else compute solution

s1:=evalf(sigma1(z,tau,MinMax));

s2:=evalf(sigma2(z,tau,MinMax));

sol:= -evalf((s1*omega1inv[1,1]+s2*omega1inv[2,1])

/(s1*omega1inv[1,2]+s2*omega1inv[2,2]));

[evalf(sol),x[-1],Vector([affineParameter,x[-1]])];

end proc:
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solution_second:=proc(affineParameter,initNewton,Eps,MinMax)

local x,zeroR,zeroI,affR,affI,perR,perI,P1,P2,P3,P4,z,f,absf,zfirstR,

zfirstI,zsecondR,zsecondI,zero,a,b,c,d,det,sol,count,s1,s2;

global periodsInverse, tau;

uses Thetafunctions, LinearAlgebra;

# Initialise

x:=[initNewton];

zeroR:=Re(initNewton);

zeroI:=Im(initNewton);

affR:=Re(affineParameter);

affI:=Im(affineParameter);

perR:=map(Re,periodsInverse);

perI:=map(Im,periodsInverse);

P1:=perR[1,2]*affR-perI[1,2]*affI;

P2:=perR[1,2]*affI+perI[1,2]*affR;

P3:=perR[2,2]*affR-perI[2,2]*affI;

P4:=perR[2,2]*affI+perI[2,2]*affR;

zfirstR:=1/2*(perR[1,1]*zeroR-perI[1,1]*zeroI+P1);

zfirstI:=1/2*(perR[1,1]*zeroI+perI[1,1]*zeroR+P2);

zsecondR:=1/2*(perR[2,1]*zeroR-perI[2,1]*zeroI+P3);

zsecondI:=1/2*(perR[2,1]*zeroI+perI[2,1]*zeroR+P4);

z:=Vector([zfirstR+I*zfirstI,zsecondR+I*zsecondI]);

f:=evalf(Theta2ch(z,tau,MinMax));

absf:=evalf(abs( f ));

count:=0;

# Newton iteration

while (absf > Eps and count < 30) do

# find inverse Jacobi Matrix

# M=Matrix([[a,b],[c,d]]) => M^(-1)=1/(a*d-b*c)*Matrix([[d,-b],[-c,a]])

a:=1/2*( perR[1,1]*Th2chRR(zfirstR,zfirstI,zsecondR,zsecondI,1,tau,MinMax)

- perI[1,1]*Th2chIR(zfirstR,zfirstI,zsecondR,zsecondI,1,tau,MinMax)

+ perR[2,1]*Th2chRR(zfirstR,zfirstI,zsecondR,zsecondI,2,tau,MinMax)

- perI[2,1]*Th2chIR(zfirstR,zfirstI,zsecondR,zsecondI,2,tau,MinMax) );

c:=1/2*( perR[1,1]*Th2chIR(zfirstR,zfirstI,zsecondR,zsecondI,1,tau,MinMax)

+ perI[1,1]*Th2chRR(zfirstR,zfirstI,zsecondR,zsecondI,1,tau,MinMax)

+ perR[2,1]*Th2chIR(zfirstR,zfirstI,zsecondR,zsecondI,2,tau,MinMax)

+ perI[2,1]*Th2chRR(zfirstR,zfirstI,zsecondR,zsecondI,2,tau,MinMax) );

b:=-c; d:=a;

det:=a*d-b*c;

# take a step

zeroR:=zeroR-1/det*(d*Re(f)-b*Im(f));;

zeroI:=zeroI-1/det*(-c*Re(f)+a*Im(f));;

zero:=zeroR+I*zeroI;

x:=[op(x),zero];

# update z and f

zfirstR:=1/2*(perR[1,1]*zeroR-perI[1,1]*zeroI+P1);
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zfirstI:=1/2*(perR[1,1]*zeroI+perI[1,1]*zeroR+P2);

zsecondR:=1/2*(perR[2,1]*zeroR-perI[2,1]*zeroI+P3);

zsecondI:=1/2*(perR[2,1]*zeroI+perI[2,1]*zeroR+P4);

z:=Vector([zfirstR+I*zfirstI,zsecondR+I*zsecondI]);

f:=evalf(Theta2ch(z,tau,MinMax));

absf:=evalf(abs( f ));

count:=count+1;

end do;

# if Newton method failed to find a zero within the given accuracy Eps

if (absf>Eps) then

print(’‘in solution: Iteration process stopped after 30 iterations.‘’);

print(’‘Theta2ch( 1/2*periodsInverse*(zero,affineParameter)^t ) = ‘’,f);

return [x,f];

end if;

# else compute solution

s1:=evalf(sigma1(z,tau,MinMax));

s2:=evalf(sigma2(z,tau,MinMax));

sol:= -evalf((s1*periodsInverse[1,1]+s2*periodsInverse[2,1])

/(s1*periodsInverse[1,2]+s2*periodsInverse[2,2]));

[evalf(sol),x[-1],Vector([x[-1],affineParameter])];

end proc:

B.3 Calculation of periods

The procedures of the module SolveEOM need the period matrix corresponding to
the polynomial appearing in the differential equation which has to be solved. In
principle, three different types of period matrices are needed: the period matrix of
first kind for a Riemann surface of genus one, the period matrix of first kind for a
Riemann surface of genus two, and the period matrix of second kind for a Riemann
surface of genus two. The period matrices of first kind are computed integrating
the vector of holomorphic differentials d~z = (zi−1/

√

P (z))i=1,...,g, where g is the
genus, along the integration paths given by the homology basis of the Riemann
surface, whereas the periods of second kind are computed integrating the vector of
meromorphic differentials along the same paths (see also [63]).

Therefore, the actual computation of a period matrix directly depends on the
integration paths which in turn depend on the branch cuts. The paths around a
branch cut are called a-paths and the paths from one branch cut to another and
way back on the other sheet are called b-paths. A canonical choice is one where
the paths ai are disjoint to each other as are the paths bi, and ai and bj have one
common point if i = j and else are also disjoint. For the case of only real zeros
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Figure B.1: Branch cuts and homology basis of paths for all arrangements of zeros
e1, . . . , e5 of a polynomial of degree 5. The b-paths are completed on the other sheet.

of the polynomial P defining the Riemann surface y2 = P (x) a canonical choice of
branch cuts and paths is shown in Fig. 2.1. In all modules described in this section,
the computation of the period matrix is passed for every arrangement of zeros of P
to one of 8 different procedures called Rea<something> for only real zeros or else
ImaxPerk<something>, where x = 2, 4 is the number of complex zeros and k is a
numbering. The branch cuts and paths we chose for all possible arrangements of
zeros of P for the case of genus two together with the appropriate sign of the square
root on one sheet (the sign is reversed on the other sheet) are shown in figure B.1.
For the case of genus one, there are only three cases ReaPer, Ima2Per3, Ima2Per4
corresponding to simply neglecting e1 and e2 in Figs.B.1(a), (d), and (e). So far, the
periods are calculated by numerical integration. However, it may also be possible to
express them in terms of zeros of the theta function, cf. [91].

Once a choice of branch cuts and paths is done, we can integrate the holomorphic
and meromorphic differentials. For paths which go around real zeros ei, ei+1 of P ,
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this integral can be computed as two times the integral from ei to ei+1 along the real
axis, because the integration back from ei+1 to ei yields just the same value due to
the changed sign of the square root. For paths which go around one or two complex
zeros, the integral can be computed along a path running from the complex zero
to its real part and onward to the other zero. Note that this path is of course not
allowed to cross another branch cut. This means that for example in the case of
Ima2Per2 the period corresponding to the a1-path is computed along a path starting
from e3 running to the real part of e3 onward to e1 and back to the real part of e3

- this does not cancel due to changed signs of the square root - and then finishing
at e2. The resulting period matrix can be checked by the Legendre relation (2.2.5)
and by the properties of the Riemann matrix τ , i.e. symmetry and positive definite
imaginary part. The actual computation of the integrals are carried through by the
module described in the next section.

In the following, the three modules for computing the three different kinds of
period matrix explained above are presented.

B.3.1 Module PeriodsGenusOne

Collection of procedures used for or connected to the computation of a period matrix
of genus one.

Exported procedures

Procedure periods elliptic: Computes the periods of a Riemann surface of genus
one given by y2 = 4(

∏

i(x − <realNS>[i]))(
∏

i(x − <complexNS>[i])).
Input:
realNS: real zeros of the polynomial describing the Riemann surface. As this poly-
nomial is of degree 3, there are 3 or 1 real zeros,
complexNS: complex zeros of the polynomial describing the Riemann surface. As
this polynomial is of degree 3, there are 2 or 0 complex zeros,
digInt: the digits used for the numerical integrations.
Output: the 1x2 period matrix.

periods_elliptic:=proc(realNS,complexNS,digInt)

if nops(complexNS)=0 then ReaPer(sort(realNS),digInt)

else ImaPer(sort(realNS),complexNS,digInt) end if;

end proc:
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Procedure branch list elliptic: Determines from a given list of zeros the branch
chosen in the computation of the period matrix adjacent to any zero.
Input:
e: list of 3 zeros defining a Riemann surface of genus 1,
number realNS: number of real zeros in e, which may be 3 or 1.
Output:
Each element of the returned list consists of three parts. The first is the branch left
of the zero, the second is the zero, and the third is the branch right of the zero. In
the case that the second part is a complex zero the entries depends on the sign of
the imaginary part. If it is negative, the first entry is the branch left of the branch
cut on the real axis and the third the branch on the branch cut. If it is positive,
the first entry is the branch on the branch cut and the third the branch right of the
branch cut on the real axis.

branch_list_elliptic:=proc(e,number_realNS)

if number_realNS=3 then

[[0,e[1],0],[0,e[2],1],[1,e[3],1]];

elif number_realNS=1 then

if Im(e[1])=0 then [["tbd",e[1],1],[0,e[2],0],[0,e[3],1]];

else [[0,e[1],1],[1,e[2],1],[1,e[3],1]];

end if;

else

error "wrong number of real zeros";

end if;

end proc:

Procedure eval period: Computes the period from one real zero of the set of
zeros defining a Riemann surface of genus 1 or 2 to another or to infinity.
Input:

m,n: the period is computed from realNS[m] to realNS[n] (realNS[n]=infinity possi-
ble),
realNS: the real zeros defining the Riemann surface,
e: all zeros defining the Riemann surface,
omega: the period matrix,
(optional) component: the row of the period matrix omega which should be used
for the computation of the period. For genus=1 only component=1 is possible, for
genus=2 component=1,2 is possible. Other values are neglected and component=1
is used instead.
Output: the period.
For the source code see Sec. B.3.2.
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Local procedures

Procedure ReaPer: Computes the periods of a Riemann surface of genus one
given by y2 = 4(

∏

i(x − <realNS>[i]))(
∏

i(x − <complexNS>[i])) in the case that
all zeros are real. In- and outputs as in periods elliptic.

ReaPer:=proc(realNS,digInt)

local R;

uses IntegrateEllipticFirst;

R:=Matrix(1,2);

# A: realNS[1]..realNS[2]: pos. branch

R[1,1]:=int_elliptic_first(realNS,realNS[1],realNS[2],digInt);

# B: realNS[2]..realNS[3]: neg. branch

R[1,2]:=int_elliptic_first(realNS,realNS[2],realNS[3],digInt);

R;

end proc:

Procedure ImaPer: Computes the periods of a Riemann surface of genus one
given by y2 = 4(

∏

i(x − <realNS>[i]))(
∏

i(x − <complexNS>[i])) in the case that
two zeros are complex. Dependent on the arrangement of the complex zeros relative
to the real zero the computation is passed to Ima2Per3 or Ima2Per4. In- and outputs
as in periods elliptic.

ImaPer:=proc(realNS,complexNS,digInt)

if Re(complexNS[1])<realNS[1] then Ima2Per3(realNS,complexNS,digInt);

else Ima2Per4(realNS,complexNS,digInt);

end if;

end proc:

Procedure Ima2Per3: Computes the periods of a Riemann surface of genus one
given by y2 = 4(

∏

i(x−<realNS>[i]))(
∏

i(x−<complexNS>[i])) in the case of two
complex zeros whose real parts are smaller then the real zero. In- and outputs as in
periods elliptic.

Ima2Per3:=proc(realNS,complexNS,digInt)

local R,A,e,rea,ima;

uses IntegrateEllipticFirst;

R:=Matrix(1,2);

rea:=Re(op(1,complexNS));

ima:=abs(Im(op(1,complexNS)));

e:=[rea-I*ima,rea+I*ima,realNS[1]];

# vertical branch cut, pos. branch
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A:=complex_int_elliptic(e,rea,ima,0,digInt);

R[1,1]:=2*Re(A);

# B: rea..e[3], neg. branch

R[1,2]:=myint_elliptic(e,rea,e[3],1,digInt)+A;

R;

end proc:

Procedure Ima2Per4: Computes the periods of a Riemann surface of genus one
given by y2 = 4(

∏

i(x−<realNS>[i]))(
∏

i(x−<complexNS>[i])) in the case of two
complex zeros whose real parts are larger then the real zero. In- and outputs as in
periods elliptic.

Ima2Per4:=proc(realNS, complexNS, digInt)

local R,H,A,e,rea,ima;

uses IntegrateEllipticFirst;

R:=Matrix(1,2);

rea:=Re(op(1,complexNS));

ima:=abs(Im(op(1,complexNS)));

e:=[op(1,realNS),rea-I*ima,rea+I*ima];

# vertical branch cut, pos. branch

A:=complex_int_elliptic(e,rea,ima,0,digInt);

H:=myint_elliptic(e,e[1],rea,0,digInt);

R[1,1]:=2*H+2*Re(A);

R[1,2]:=H+A;

R;

end proc:

B.3.2 Module PeriodsGenusTwo

Collection of procedures for or connected to the calculation of period matrices of first
kind of a Riemann surfaces of genus 2.

Exported procedures

Procedure periods: Computes the periods of first kind for the vector of canonical
holomorphic differentials of genus 2, dz = [1/

√

P (z), z/
√

P (z)].
Input:
realNS, complexNS: the real and complex zeros of the polynomial P , which has a
total of 5 zeros,
digInt: the digits used for the numerical integrations.
Output: the 2x4 period matrix.
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periods:=proc(realNS,complexNS,digInt)

if nops(complexNS)=0 then ReaPer(sort(realNS),digInt);

else ImaPer(sort(realNS),complexNS,digInt); end if;

end proc:

Procedure branch list genus2: Determines from a given list of zeros the branch
adjacent to any zero.
Input :
e: list of 5 zeros defining a Riemann surface of genus 2,
number realNS: number of real zeros in e, which may be 5, 3, or 1.
Output:
Each element of the returned list consists of three parts. The first is the branch left
of the zero, the second is the zero, and the third is the branch right of the zero. In
the case that the second part is a complex zero the entries depends on the sign of
the imaginary part. If it is negative, the first entry is the branch left of the branch
cut on the real axis and the third the branch on the branch cut. If it is positive,
the first entry is the branch on the branch cut and the third the branch right of the
branch cut on the real axis.

branch_list_genus2:=proc(e,number_realNS)

local rea1,rea2,ima1,erg;

if number_realNS=5 then

erg:=[[1,e[1],1],[1,e[2],0],[0,e[3],0],[0,e[4],1],[1,e[5],1]];

elif number_realNS=3 then

if Im(e[1])<>0 then # Ima2Per1

erg:=[[1,e[1],1],[1,e[2],0],[0,e[3],0],[0,e[4],1],[1,e[5],1]];

elif Im(e[2])<>0 then # Ima2Per2

erg:=[["tbd",e[1],0],[1,e[2],"tbd"],["tbd",e[3],0],[0,e[4],1],[1,e[5],1]];

elif Im(e[3])<>0 then # Ima2Per3

rea1:=Re(e[3]);

if evalf((rea1-e[1])*(rea1-e[2])+(rea1-e[2])

*(rea1-e[5])+(rea1-e[5])*(rea1-e[1]))<0 then

erg:=[[1,e[1],1],[1,e[2],0],[0,e[3],1],[1,e[4],1],[1,e[5],1]];

else

erg:=[[1,e[1],1],[1,e[2],0],[0,e[3],0],[0,e[4],1],[1,e[5],1]];

end if;

elif Im(e[4])<>0 then # Ima2Per4

erg:=[[1,e[1],1],[1,e[2],0],["tbd",e[3],1],[1,e[4],"tbd"],["tbd",e[5],1]];

end if;

elif number_realNS=1 then

if Im(e[5])=0 then # Ima4Per1

rea1:=Re(e[1]); rea2:=Re(e[3]);

ima1:=abs(Im(e[1]));

if evalf((rea2-rea1)^2+ima1^2+2*(rea2-rea1)*(rea2-e[5]))<0 then

erg:=[[1,e[1],1],[1,e[2],0],[0,e[3],1],[1,e[4],1],[1,e[5],1]];
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else

erg:=[[1,e[1],1],[1,e[2],0],[0,e[3],0],[0,e[4],1],[1,e[5],1]];

end if;

elif Im(e[1])=0 then #Ima4Per2

erg:=[["tbd",e[1],1],[1,e[2],"tbd"],["tbd",e[3],1],

[1,e[4],"tbd"],["tbd",e[5],1]];

elif Im(e[3])=0 then #Ima4Per3

erg:=[[1,e[1],1],[1,e[2],0],["tbd",e[3],1],[1,e[4],"tbd"],["tbd",e[5],1]];

end if;

else

error "wrong number of real zeros";

end if;

erg;

end proc:

Procedure eval period: Computes the period from one real zero of the set of
zeros defining a Riemann surace of genus 1 or 2 to another or to infinity.
Input:
m,n: the period is computed from realNS[m] to realNS[n] (realNS[n]=infinity possi-
ble),
realNS: the real zeros in e,
e: the 5 zeros defining the Riemann surface,
omega: the period matrix,
(optional) component: the row of the period matrix omega which should be used
for the computation of the period. For genus=1 only component=1 is possible, for
genus=2 component=1,2 is possible. Other values are neglected and component=1
is used instead.
Output: the period.

eval_period:=proc(m,n,realNS,e,omega,component:=1)

local lange,E,k,l,Sign,K,L,periodlist,result,i;

if m=n then return 0 end if;

# --- sort e by periodloops

lange:=nops(e);

if lange=5 then

if nops(realNS)=3 then

if (Im(e[2])<>0 and Im(e[3])<>0) then E:=[e[2],e[3],e[1],e[4],e[5]];

elif (Im(e[4])<>0 and Im(e[5])<>0) then E:=[e[1],e[2],e[4],e[5],e[3]];

else E:=e; end if;

elif nops(realNS)=1 then

if Im(e[1])=0 then E:=[e[2],e[3],e[4],e[5],e[1]];

elif Im(e[3])=0 then E:=[e[1],e[2],e[4],e[5],e[3]];

else E:=e; end if;

else E:=e;

end if;
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elif lange=3 then

if Im(e[3])<>0 then E:=[e[3],e[2],e[1]];

else E:=e;

end if:

else

error "illegal length of list of zeros %1",e

end if;

# --- sort by m<n

if m>n then k:=n: l:=m: Sign:=-1: else k:=m: l:=n: Sign:=1: end if;

if k=-infinity then k:=l; l:=infinity; Sign:=-Sign; end if;

# --- location of m,n in E

K:=UtilityRoutines[inlist](realNS[k],E);

if l<=nops(realNS) then

L:=UtilityRoutines[inlist](realNS[l],E) else L:=lange+1

end if:

if lange=5 then

if not (component=1 or component=2) then

WARNING("in eval_period: illegal component %1 changed to 1",component);

component:=1;

end if:

periodlist:=[omega[component,1],omega[component,3]-omega[component,4],

omega[component,2],omega[component,4],-omega[component,1]-omega[component,2]];

else

if not (component=1) then

WARNING("in eval_period: illegal component %1 changed to 1",component);

end if:

periodlist:=[omega[1,1],omega[1,2],-omega[1,1]];

end if;

# --- compute period

result:=0;

for i from K to L-1 do

result:=result+periodlist[i];

end do:

result:=Sign*result;

end proc:

Procedure set period globals genus2: Sets the global variables <periodsIn-
verse> and <tau>. The local variables <periods first> and <periods second> are
2x2 matrices such that <periodMatrix>=[<periods first>,<periods second>]. The
variable <periodsInverse> is the inverse Matrix of <periods first>, and <tau> is
the Riemann matrix <periodsInverse>*<periods second>.
Input: periodMatrix.

set_period_globals_genus2:=proc(periodMatrix)

local periods_first,periods_second,M;
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global periodsInverse,tau;

uses LinearAlgebra;

periods_first:=Matrix([[periodMatrix[1,1],periodMatrix[1,2]],

[periodMatrix[2,1],periodMatrix[2,2]]]):

periods_second:=Matrix([[periodMatrix[1,3],periodMatrix[1,4]],

[periodMatrix[2,3],periodMatrix[2,4]]]):

periodsInverse:=MatrixInverse(periods_first):

tau:=periodsInverse.periods_second;

tau[1,2]:=1/2*(tau[1,2]+tau[2,1]);

tau[2,1]:=tau[1,2];

M:=Eigenvalues(map(Im,tau)):

if not (Im(M[1])=0 and Im(M[2])=0 and Re(M[1])>0 and Re(M[2])>0) then

error"imaginary part of Riemann matrix is not positive definite" end if;

end proc:

Local procedures

Procedure ReaPer: Computes the periods of first kind for the vector of canonical
holomorphic differentials of genus 2, dz = [1/

√

P (z), z/
√

P (z)] for the case that all
zeros of P are real. In- and outputs as in periods.

ReaPer:=proc(realNS,digInt)

local R,H;

uses IntegrateHyperelliptic;

R:=Matrix(2,4);

# path A1: realNS[1]..realNS[2], negative branch

H:=myint_genus2(realNS,realNS[1],realNS[2],1,digInt);

R[1,1]:=H[1];

R[2,1]:=H[2];

# path A2: realNS[3]..realNS[4], positive branch

H:=myint_genus2(realNS,realNS[3],realNS[4],0,digInt);

R[1,2]:=H[1];

R[2,2]:=H[2];

# path B2: realNS[4]..realNS[5], negative branch

H:=myint_genus2(realNS,realNS[4],realNS[5],1,digInt);

R[1,4]:=H[1];

R[2,4]:=H[2];

# path B1=B2+B3, path B3: realNS[2]..realNS[3], positive branch

H:=myint_genus2(realNS,realNS[2],realNS[3],0,digInt);

R[1,3]:=H[1]+R[1,4];

R[2,3]:=H[2]+R[2,4];

R;

end proc:
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Procedure ImaPer: Computes the periods of first kind for the vector of canonical
holomorphic differentials of genus 2, dz = [1/

√

P (z), z/
√

P (z)] for the case that P
has complex zeros. If P has 2 complex zeros Ima2Per is called, if P has 4 complex
zeros Ima4Per, and else an error is returned. In- and outputs as in periods.

ImaPer:=proc(realNS,complexNS,digInt)

if nops(complexNS)=2 then Ima2Per(realNS,complexNS,digInt);

elif nops(complexNS)=4 then Ima4Per(realNS,complexNS,digInt);

else error "number of complex roots is not 0, 2 or 4";

end if;

end proc:

Procedure Ima2Per: Computes the periods of first kind for the vector of canoni-
cal holomorphic differentials of genus 2, dz = [1/

√

P (z), z/
√

P (z)] for the case that
P has 2 complex zeros. There are 4 subcases related to different arrangements of 2
the complex zeros: Ima2Perj, where j=1,..,4. In- and outputs as in periods.

Ima2Per:=proc(realNS, complexNS, digInt)

local k;

k:=UtilityRoutines[inlist](Re(complexNS[1]),sort([op(realNS),Re(complexNS[1])]));

if k=1 then Ima2Per1(realNS,complexNS,digInt);

elif k=2 then Ima2Per2(realNS,complexNS,digInt);

elif k=3 then Ima2Per3(realNS,complexNS,digInt);

elif k=4 then Ima2Per4(realNS,complexNS,digInt);

end if;

end proc:

Procedure Ima4Per: Computes the periods of first kind for the vector of canoni-
cal holomorphic differentials of genus 2, dz = [1/

√

P (z), z/
√

P (z)] for the case that
P has 4 complex zeros. There are 3 subcases related to different arrangements of 4
the complex zeros: Ima4Perk, where k=1,..,3. In- and outputs as in periods.

Ima4Per:=proc(realNS,complexNS,digInt)

local rea,g,i,R,ima1,ima2;

uses UtilityRoutines;

rea:=sort(map(Re,complexNS));

ima1:=abs(Im( complexNS[inlist(rea[1],map(Re,complexNS))] ));

ima2:=abs(Im( complexNS[inlist(rea[3],map(Re,complexNS))] ));

g:=realNS[1];

if op(4,rea)<g then Ima4Per1(realNS,op(1,rea),ima1,op(3,rea),ima2,digInt);

elif op(4,rea)>g and op(2,rea)<g then

Ima4Per3(realNS,op(1,rea),ima1,op(3,rea),ima2,digInt);
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elif op(4,rea)>g and op(2,rea)>g then

Ima4Per2(realNS,op(1,rea),ima1,op(3,rea),ima2,digInt);

end if;

end proc:

Procedures Ima2Perj, j=1,..,4: Computes the periods of first kind for the vector
of canonical holomorphic differentials of genus 2, dz = [1/

√

P (z), z/
√

P (z)] for the
case that P has 2 complex zeros. For the definition of the subcases see Fig. B.1. For
all j it is necessary to compute integrals along branch cuts perpendicular to the real
axis. For the calculation it has to be taken into account that the real part of the
integrals computed along such branch cuts is symmetrical with respect to the real
axis but that the imaginary part is antisymmetric. Therefore, the whole integral will
be real. In- and outputs as in periods.

Ima2Per1:=proc(realNS, complexNS, digInt)

local R,H,A,e,rea,ima;

uses IntegrateHyperelliptic;

R:=Matrix(2,4);

rea:=Re(op(1,complexNS));

ima:=abs(Im(op(1,complexNS)));

e:=sort([op(realNS),op(complexNS)],UtilityRoutines[sortfkt]);

#=[rea-I*ima,rea+I*ima,op(realNS)];

# A2: e3..e4, pos. branch

H:=myint_genus2(e,e[3],e[4],0,digInt);

R[1,2]:=H[1];

R[2,2]:=H[2];

# B_2: e4..e5, neg. branch

H:=myint_genus2(e,e[4],e[5],1,digInt);

R[1,4]:=H[1];

R[2,4]:=H[2];

# A1: e2..e1, neg. branch

A:=int_genus2_complex(e,rea,ima,1,-1,digInt);

R[1,1]:=2*Re(A[1]);

R[2,1]:=2*Re(A[2]);

# B_1=B_2+B_3: B_3: e2..e3, pos. branch

H:=myint_genus2(e,rea,e[3],0,digInt);

R[1,3]:=R[1,4]+H[1]+A[1];

R[2,3]:=R[2,4]+H[2]+A[2];

R;

end proc:

Ima2Per2:=proc(realNS, complexNS, digInt)

local R,H,A,V,e,rea,ima;

uses IntegrateHyperelliptic;
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R:=Matrix(2,4);

rea:=Re(op(1,complexNS));

ima:=abs(Im(op(1,complexNS)));

e:=sort([op(realNS),op(complexNS)],UtilityRoutines[sortfkt]);

#=[op(1,realNS),rea-I*ima,rea+I*ima,op(2..3,realNS)];

# B2: e4..e5, neg. branch

H:=myint_genus2(e,e[4],e[5],1,digInt);

R[1,4]:=H[1];

R[2,4]:=H[2];

# A2: (e1..rea)^+ + (rea..e4)^+

V:=myint_genus2(e,e[1],rea,0,digInt);

H:=myint_genus2(e,rea,e[4],0,digInt);

R[1,2]:=V[1]+H[1];

R[2,2]:=V[2]+H[2];

# Berechnung von int_genus2_complex: neg. zweig

A:=int_genus2_complex(e,rea,ima,2,-1,digInt);

# A1: (ima..0)^+ + (rea..e1)^+ + (e1..rea)^- + (0..-ima)^+

R[1,1]:=2*Re(A[1])-2*V[1];

R[2,1]:=2*Re(A[2])-2*V[2];

# B1=B2+B3, B3: (ima..0)^+ + (rea..e1)^+

R[1,3]:=R[1,4]-V[1]+A[1];

R[2,3]:=R[2,4]-V[2]+A[2];

R;

end proc:

Ima2Per3:=proc(realNS, complexNS, digInt)

local R,H,A,e,rea,ima;

uses IntegrateHyperelliptic;

R:=Matrix(2,4);

rea:=Re(op(1,complexNS));

ima:=abs(Im(op(1,complexNS)));

e:=sort([op(realNS),op(complexNS)],UtilityRoutines[sortfkt]);

#=[op(1..2,realNS),rea-I*ima,rea+I*ima,op(3,realNS)];

# For the calculation of the pathes A2 and B2

# an integration rea..rea+I*ima is needed.

# The branch for this calculation depends

if evalf((rea-e[1])*(rea-e[2])

+(rea-e[2])*(rea-e[5])+(rea-e[5])*(rea-e[1])) < 0 then

A:=int_genus2_complex(e,rea,ima,3,-1,digInt);

else

A:=int_genus2_complex(e,rea,ima,3,0,digInt);

end if;

R[1,2]:=2*Re(A[1]);

R[2,2]:=2*Re(A[2]);

# A1: e1..e2, neg. branch

H:=myint_genus2(e,e[1],e[2],1,digInt);
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R[1,1]:=H[1];

R[2,1]:=H[2];

# B2: rea..e5, neg. branch

H:=myint_genus2(e,rea,e[5],1,digInt);

# Integration rea..rea+I*ima on "back side"

R[1,4]:=H[1]+A[1];

R[2,4]:=H[2]+A[2];

# B1=B3+B2, B3: e2..rea, pos. branch

# B3 = integration e[2]..rea + integration rea..rea-I*ima

# integration rea..rea-I*ima = - Re(A) + I*Im(A),

# as Re(int(rea..rea+I*ima))=Re(int(rea..rea-I*ima)),

# Im(int(rea..rea+I*ima))=-Im(int(rea..rea-I*ima))

# and the branch on rea-I*t is not the same as on rea+I*t

H:=myint_genus2(e,e[2],rea,0,digInt);

R[1,3]:=R[1,4]+H[1]-Re(A[1])+I*Im(A[1]);

R[2,3]:=R[2,4]+H[2]-Re(A[2])+I*Im(A[2]);

R;

end proc:

Ima2Per4:=proc(realNS,complexNS,digInt)

local R,H,A,V,e,rea,ima;

uses IntegrateHyperelliptic;

R:=Matrix(2,4);

rea:=Re(op(1,complexNS));

ima:=abs(Im(op(1,complexNS)));

e:=sort([op(realNS),op(complexNS)],UtilityRoutines[sortfkt]);

#=[op(realNS),rea-I*ima,rea+I*ima];

# A1: e1..e2, neg branch

H:=myint_genus2(e,e[1],e[2],1,digInt);

R[1,1]:=H[1];

R[2,1]:=H[2];

# int_genus2_complex: pos. branch

A:=int_genus2_complex(e,rea,ima,4,0,digInt);

# A2 (=e4..e5 on neg. side):

# (ima..0)^- + (rea..e3)^- + (e3..rea)^+ + (0..-ima)^-

V:=myint_genus2(e,e[3],rea,0,digInt);

R[1,2]:=2*V[1]+2*Re(A[1]);

R[2,2]:=2*V[2]+2*Re(A[2]);

# B2: (ima..0)^- + (rea..e3)^-

R[1,4]:=V[1]+A[1];

R[2,4]:=V[2]+A[2];

# B1=B2+B3: [(ima..0)^- + (rea..e3)^-]

# + [(e2..e3)^+ + (e3..rea)^+ + (0..-ima)^+]

H:=myint_genus2(e,e[2],e[3],0,digInt);

R[1,3]:=H[1]+A[1]-Re(A[1])+I*Im(A[1]);

R[2,3]:=H[2]+A[2]-Re(A[2])+I*Im(A[2]);
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R;

end proc:

Procedures Ima4Perk, k=1,..,3: Computes the periods of first kind for the
vector of canonical holomorphic differentials of genus 2, dz = [1/

√

P (z), z/
√

P (z)]
for the case that P has 4 complex zeros z1, z2, z3, z4, where Re(z1) = Re(z2), Re(z3) =
Re(z4) and Re(z1) < Re(z3). For the definition of the subcases see Fig. B.1. For all k
it is necessary to compute integrals along branch cuts perpendicular to the real axis.
For the calculation it has to be taken into account that the real part of the integrals
computed along such branch cuts is symmetrical with respect to the real axis but
that the imaginary part is antisymmetric. Therefore, the whole integral will be real.
In- and outputs as in periods.

Ima4Per1:=proc(realNS,rea1,ima1,rea2,ima2,digInt)

local R,T,P,H1,H2,A,V,e;

uses IntegrateHyperelliptic;

R:=Matrix(2,4);

e:=[rea1-I*ima1,rea1+I*ima1,rea2-I*ima2,rea2+I*ima2,op(1,realNS)];

T:=mul(x-e[i],i=1..5);

P:=add( Re(coeff(T,x,i))*x^i, i=0..5);

# A1: e2..e1 bzw. -ima1..ima1, neg. branch

H1:=int_genus2_complex(e,rea1,ima1,1,1,digInt);

R[1,1]:=2*Re(H1[1]);

R[2,1]:=2*Re(H1[2]);

# A2: e4..e3 or -ima2..ima2, branch depends

if evalf((rea2-rea1)^2+ima1^2+2*(rea2-rea1)*(rea2-e[5]))<0 then

H2:=int_genus2_complex(e,rea2,ima2,3,1,digInt);

else

H2:=int_genus2_complex(e,rea2,ima2,3,0,digInt);

end if;

R[1,2]:=2*Re(H2[1]);

R[2,2]:=2*Re(H2[2]);

# B2: e3..rea2 (pos.branch) + rea2..e5 (neg. branch)

A:=myint_genus2(e,rea2,e[5],1,digInt);

R[1,4]:=A[1]+H2[1];

R[2,4]:=A[2]+H2[2];

# B1=B2+B3, B3: e1..rea1 (pos. branch) + rea1..rea2 (pos. branch)

# + rea2..e4 (neg. branch)

R[1,3]:=R[1,4]+H1[1]

-I*evalf(Int(1/sqrt(-P),x=rea1..rea2,digits=digInt))-Re(H2[1])+I*Im(H2[1]);

R[2,3]:=R[2,4]+H1[2]

-I*evalf(Int(x/sqrt(-P),x=rea1..rea2,digits=digInt))-Re(H2[2])+I*Im(H2[2]);

R;

end proc:
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Ima4Per2:=proc(realNS,rea1,ima1,rea2,ima2,digInt)

local R,e,T,P,A1,A2,W,U,Z,methods,dig,i;

uses IntegrateHyperelliptic;

R:=Matrix(2,4);

e:=[op(1,realNS),rea1-I*ima1,rea1+I*ima1,rea2-I*ima2,rea2+I*ima2];

T:=mul(x-e[i],i=1..5);

P:=add( Re(coeff(T,x,i))*x^i, i=0..5);

# path rea1..rae1+I*ima1, negative branch

A1:=int_genus2_complex(e,rea1,ima1,2,1,digInt);

# path rea2..rea2+I*ima2, positive branch

A2:=int_genus2_complex(e,rea2,ima2,4,0,digInt);

# path A1: e2..rea1 + rea1..e1, positive branch

# + e1..rea1, negative branch + rea1..e3

W:=myint_genus2(e,e[1],rea1,0,digInt);

R[1,1]:=2*Re(A1[1])-2*W[1];

R[2,1]:=2*Re(A1[2])-2*W[2];

# path A2: e4..rea2 + rea2..e1, negative branch

# + e1..rea2, positive branch + rea2..e5

U:=myint_genus2(e,e[1],rea2,0,digInt);

R[1,2]:=2*Re(A2[1])+2*U[1];

R[2,2]:=2*Re(A2[2])+2*U[2];

# path B2:

R[1,4]:=A2[1]+U[1];

R[2,4]:=A2[2]+U[2];

# path B1=B2+B3, path B3:

R[1,3]:=R[1,4]+A1[1]-W[1]-U[1]-Re(A2[1])+I*Im(A2[1]);

R[2,3]:=R[2,4]+A1[2]-W[2]-U[2]-Re(A2[2])+I*Im(A2[2]);

R;

end proc:

Ima4Per3:=proc(realNS,rea1,ima1,rea2,ima2,digInt)

local T,R,H1,H2,H,e,P,V,A1,A2;

uses IntegrateHyperelliptic;

R:=Matrix(2,4);

e:=[rea1-I*ima1,rea1+I*ima1,op(1,realNS),rea2-I*ima2,rea2+I*ima2];

# vertical branch cut e1..e2 , neg. branch:

H1:=int_genus2_complex(e,rea1,ima1,1,1,digInt);

R[1,1]:=2*Re(H1[1]);

R[2,1]:=2*Re(H1[2]);

# vertical branch e4..e5, pos. branch

H2:=int_genus2_complex(e,rea2,ima2,4,0,digInt);

# A2: e3..rea2, pos + rea2..e4

V:=myint_genus2(e,e[3],rea2,0,digInt);

R[1,2]:=2*V[1]+2*Re(H2[1]);

R[2,2]:=2*V[2]+2*Re(H2[2]);

# B2: e4..e3
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R[1,4]:=V[1]+H2[1];

R[2,4]:=V[2]+H2[2];

# B1=B2+B3, B3: e1..rea1 + rea1..e3

H:=myint_genus2(e,rea1,e[3],0,digInt);

R[1,3]:=R[1,4]+H1[1]+H[1]+V[1]+H2[1]-R[2,1];

R[2,3]:=R[2,4]+H1[2]+H[2]+V[2]+H2[2]-R[2,2];

R;

end proc:

B.3.3 Module PeriodsSecondGenusTwo

Collection of procedures used to compute the periods of second kind of a Riemann
surface of genus 2.

Exported procedures

Procedure periods genus2 second: Computes the periods of second kind for
the vector of canonical meromorphic differentials of genus 2, dr = [dr1, dr2]. If all
zeros of P are real, the procedure Rea second is called, else Ima second.
Input:

dr1,dr2: the two differentials to be integrated in the form
∑

i drj[i]x(i−1)/
√

P (x) for
j=1,2,
realNS, complexNS: the real and complex zeros of the polynomial P, which has a
total of 5 zeros,
digInt: the digits used for the numerical integrations.
Output: the 2x4 period matrix of second kind.

periods_genus2_second:=proc(dr1,dr2,realNS,complexNS,digInt)

if not nops(realNS)+nops(complexNS)=5 then

error "invalid use: nops(%1)+nops(%2) has to be five", realNS,complexNS

end if;

if nops(complexNS)=0 then -Rea_second(dr1,dr2,sort(realNS),digInt);

else -Ima_second(dr1,dr2,sort(realNS),complexNS,digInt); end if;

end proc:

Local procedures

Procedure Rea second: Computes the periods of second kind for the vector of
canonical meromorphic differentials of genus 2, dr = [dr1, dr2], for the case that all
zeros of P are real. In- and outputs as in periods genus2 second.
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Rea_second:=proc(dr1,dr2,realNS,digInt)

local eta;

uses IntegrateHyperelliptic;

eta:=Matrix(2,4);

# path A1: realNS[1]..realNS[2], negative branch

eta[1,1]:=myint_genus2_second(realNS,dr1,realNS[1],realNS[2],1,digInt);

eta[2,1]:=myint_genus2_second(realNS,dr2,realNS[1],realNS[2],1,digInt);

# path A2: realNS[3]..realNS[4], positive branch

eta[1,2]:=myint_genus2_second(realNS,dr1,realNS[3],realNS[4],0,digInt);

eta[2,2]:=myint_genus2_second(realNS,dr2,realNS[3],realNS[4],0,digInt);

# path B2: realNS[4]..realNS[5], negative branch

eta[1,4]:=myint_genus2_second(realNS,dr1,realNS[4],realNS[5],1,digInt);

eta[2,4]:=myint_genus2_second(realNS,dr2,realNS[4],realNS[5],1,digInt);

# path B1=B2+B3, path B3: realNS[2]..realNS[3], positive branch

eta[1,3]:=myint_genus2_second(realNS,dr1,realNS[2],realNS[3],0,digInt)

+eta[1,4];

eta[2,3]:=myint_genus2_second(realNS,dr2,realNS[2],realNS[3],0,digInt)

+eta[2,4];

eta;

end proc:

Procedure Ima second: Computes the periods of second kind for the vector of
canonical meromorphic differentials of genus 2, dr = [dr1, dr2], for the case that
P has complex zeros. If P has 2 complex zeros Ima2 second is called, if P has 4
complex zeros Ima4 second, and else an error is returned. In- and outputs as in
periods genus2 second.

Ima_second:=proc(dr1,dr2,realNS,complexNS,digInt)

if nops(complexNS)=2 then Ima2_second(dr1,dr2,realNS,complexNS,digInt);

elif nops(complexNS)=4 then Ima4_second(dr1,dr2,realNS,complexNS,digInt);

else error "number of complex roots is not 0, 2 or 4";

end if;

end proc:

Procedure Ima2 second: Computes the periods of second kind for the vector
of canonical meromorphic differentials of genus 2, dr = [dr1, dr2], for the case that
P has 2 complex zeros. There are 4 subcases related to different arrangements
of 2 the complex zeros: Ima2Perj second, where j=1,..,4. In- and outputs as in
periods genus2 second.

Ima2_second:=proc(dr1,dr2,realNS,complexNS,digInt)

local k;

k:=UtilityRoutines[inlist](Re(complexNS[1]),sort([op(realNS),Re(complexNS[1])]));
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if k=1 then Ima2Per1_second(dr1,dr2,realNS,complexNS,digInt);

elif k=2 then Ima2Per2_second(dr1,dr2,realNS,complexNS,digInt);

elif k=3 then Ima2Per3_second(dr1,dr2,realNS,complexNS,digInt);

elif k=4 then Ima2Per4_second(dr1,dr2,realNS,complexNS,digInt);

end if;

end proc:

Procedure Ima4 second: Computes the periods of first kind for the vector of
canonical holomorphic differentials of genus 2, dr = [dr1, dr2], for the case that
P has 4 complex zeros. There are 3 subcases related to different arrangements
of 4 the complex zeros: Ima4Perk second, where k=1,..,3. In- and outputs as in
periods genus2 second.

Ima4_second:=proc(dr1,dr2,realNS,complexNS,digInt)

local rea,g,i,ima1,ima2;

uses UtilityRoutines;

rea:=sort(map(Re,complexNS));

ima1:=abs(Im( complexNS[inlist(rea[1],map(Re,complexNS))] ));

ima2:=abs(Im( complexNS[inlist(rea[3],map(Re,complexNS))] ));

g:=realNS[1];

if rea[4]<g then

Ima4Per1_second(dr1,dr2,realNS,rea[1],ima1,rea[3],ima2,digInt);

elif rea[4]>g and rea[2]<g then

Ima4Per3_second(dr1,dr2,realNS,rea[1],ima1,op(3,rea),ima2,digInt);

elif rea[2]>g then

Ima4Per2_second(dr1,dr2,realNS,rea[1],ima1,rea[3],ima2,digInt);

end if;

end proc:

Procedures Ima2Perj second, j=1,..,4: Computes the periods of second kind
for the vector of canonical meromorphic differentials of genus 2, dr = [dr1, dr2], for
the case that P has 2 complex zeros z1,z2. For the definition of the subcases see
Fig. B.1. For all j it is necessary to compute integrals along branch cuts perpendicular
to the real axis. For the calculation it has to be taken into account that the real
part of the integrals computed along such branch cuts is symmetrical with respect
to the real axis but that the imaginary part is antisymmetric. Therefore, the whole
integral will be real. In- and outputs as in periods genus2 second.

Ima2Per1_second:=proc(dr1,dr2,realNS,complexNS,digInt)

local eta,rea,ima,e,H1,H2,V1,V2;

uses IntegrateHyperelliptic;

eta:=Matrix(2,4);

rea:=Re(complexNS[1]);
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ima:=abs(Im(complexNS[1]));

e:=[rea-I*ima,rea+I*ima,op(realNS)];

# path A2: e3..e4, pos. branch

eta[1,2]:=myint_genus2_second(e,dr1,e[3],e[4],0,digInt);

eta[2,2]:=myint_genus2_second(e,dr2,e[3],e[4],0,digInt);

# path B2: e4..e5, neg.

eta[1,4]:=myint_genus2_second(e,dr1,e[3],e[4],1,digInt);

eta[2,4]:=myint_genus2_second(e,dr2,e[3],e[4],1,digInt);

# vertical branch cut: e1..e2, neg. branch

H1:=int_genus2_complex_second(e,dr1,rea,ima,1,1,digInt);

H2:=int_genus2_complex_second(e,dr2,rea,ima,1,1,digInt);

# path A1:

eta[1,1]:=2*Re(H1);

eta[2,1]:=2*Re(H2);

# path B1=B2+B3, path B3: e1..rea + rea..e3, pos. branch

eta[1,3]:=eta[1,4]+H1+myint_genus2_second(e,dr1,rea,e[3],0,digInt);

eta[2,3]:=eta[2,4]+H2+myint_genus2_second(e,dr2,rea,e[3],0,digInt);

eta;

end proc:

Ima2Per2_second:=proc(dr1,dr2,realNS,complexNS,digInt)

local eta,rea,ima,e,A1,A2,H1,H2;

uses IntegrateHyperelliptic;

eta:=Matrix(2,4);

rea:=Re(complexNS[1]);

ima:=abs(Im(complexNS[1]));

e:=[realNS[1],rea-I*ima,rea+I*ima,realNS[2],realNS[3]];

# vertical branch cut: neg. branch

A1:=int_genus2_complex_second(e,dr1,rea,ima,2,1,digInt);

A2:=int_genus2_complex_second(e,dr2,rea,ima,2,1,digInt);

# path A2: (e1..rea) + (rea..e4), pos. branch

H1:=myint_genus2_second(e,dr1,e[1],rea,0,digInt);

H2:=myint_genus2_second(e,dr2,e[1],rea,0,digInt);

eta[1,2]:=H1+myint_genus2_second(e,dr1,rea,e[4],0,digInt);

eta[2,2]:=H2+myint_genus2_second(e,dr2,rea,e[4],0,digInt);

# path A1: e3..e2

eta[1,1]:=-2*H1+2*Re(A1);

eta[2,1]:=-2*H2+2*Re(A2);

# path B2: e4..e5, neg.

eta[1,4]:=myint_genus2_second(e,dr1,e[4],e[5],1,digInt);

eta[2,4]:=myint_genus2_second(e,dr2,e[4],e[5],1,digInt);

# path B1=B2+B3, path B3: e1..rea, pos. branch + (-ima..0)

eta[1,3]:=eta[1,4]-H1+A1;

eta[2,3]:=eta[2,4]-H2+A2;

eta;

end proc:
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Ima2Per3_second:=proc(dr1,dr2,realNS,complexNS,digInt)

local eta,H1,H2,e,rea,ima;

uses IntegrateHyperelliptic;

eta:=Matrix(2,4);

rea:=Re(op(1,complexNS));

ima:=abs(Im(op(1,complexNS)));

e:=[realNS[1],realNS[2],rea-I*ima,rea+I*ima,realNS[3]];

# path A1: e1..e2, neg. branch

eta[1,1]:=myint_genus2_second(e,dr1,e[1],e[2],1,digInt);

eta[2,1]:=myint_genus2_second(e,dr2,e[1],e[2],1,digInt);

# vertica branch cut: branch depends on the following value

if evalf((rea-e[1])*(rea-e[2])+(rea-e[2])

*(rea-e[5])+(rea-e[5])*(rea-e[1])) < 0 then

H1:=int_genus2_complex_second(e,dr1,rea,ima,3,1,digInt);

H2:=int_genus2_complex_second(e,dr2,rea,ima,3,1,digInt);

else

H1:=int_genus2_complex_second(e,dr1,rea,ima,3,0,digInt);

H2:=int_genus2_complex_second(e,dr2,rea,ima,3,0,digInt);

end if;

# path A2: e4..e3

eta[1,2]:=2*Re(H1);

eta[2,2]:=2*Re(H2);

# path B2: e3..rea + rea..e5

eta[1,4]:=H1+myint_genus2_second(e,dr1,rea,e[5],1,digInt);

eta[2,4]:=H2+myint_genus2_second(e,dr2,rea,e[5],1,digInt);

# path B1=B2+B3, path B3: e2..rea + rea..e4

eta[1,3]:=eta[1,4]+myint_genus2_second(e,dr1,e[2],rea,0,digInt)

-Re(H1)+I*Im(H1);

eta[2,3]:=eta[2,4]+myint_genus2_second(e,dr2,e[2],rea,0,digInt)

-Re(H2)+I*Im(H2);

eta;

end proc:

Ima2Per4_second:=proc(dr1,dr2,realNS,complexNS,digInt)

local eta,H1,H2,V1,V2,e,rea,ima;

uses IntegrateHyperelliptic;

eta:=Matrix(2,4);

rea:=Re(op(1,complexNS));

ima:=abs(Im(op(1,complexNS)));

e:=[op(realNS),rea-I*ima,rea+I*ima];

# path A1: e1..e2, neg. branch

eta[1,1]:=myint_genus2_second(e,dr1,e[1],e[2],1,digInt);

eta[2,1]:=myint_genus2_second(e,dr2,e[1],e[2],1,digInt);

# Berechnung von IntAdd:

H1:=int_genus2_complex_second(e,dr1,rea,ima,4,0,digInt);

H2:=int_genus2_complex_second(e,dr2,rea,ima,4,0,digInt);
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# path A2: (ima..0) + (rea..e3)^- + (e3..rea)^+ + (0..-ima)

V1:=myint_genus2_second(e,dr1,e[3],rea,0,digInt);

V2:=myint_genus2_second(e,dr2,e[3],rea,0,digInt);

eta[1,2]:=2*V1+2*Re(H1);

eta[2,2]:=2*V2+2*Re(H2);

# path B2: (rea..e3)^+ + (-ima..0)

eta[1,4]:=V1+H1;

eta[2,4]:=V2+H2;

# path B1=B2+B3: [(e3..rea)^- + Re(0..ima) - I*Im(0..ima)]

+ [(e2..e3)^+ + (e3..rea)^+ - (0..ima)]

eta[1,3]:=2*I*Im(H1)+myint_genus2_second(e,dr1,e[2],e[3],0,digInt);

eta[2,3]:=2*I*Im(H2)+myint_genus2_second(e,dr2,e[2],e[3],0,digInt);

eta;

end proc:

Procedures Ima4Perk second, k=1,..,3: Computes the periods of second kind
for the vector of canonical meromorphic differentials of genus 2, dr = [dr1, dr2], for the
case that P has 4 complex zeros z1,z2,z3,z4, where Re(z1)=Re(z2), Re(z3)=Re(z4)
and Re(z1)<Re(z3). For the definition of the subcases see Fig. B.1. For all k it is
necessary to compute integrals along branch cuts perpendicular to the real axis. For
the calculation it has to be taken into account that the real part of the integrals
computed along such branch cuts is symmetrical with respect to the real axis but
that the imaginary part is antisymmetric. Therefore, the whole integral will be real.
In- and outputs as in periods genus2 second.

Ima4Per1_second:=proc(dr1,dr2,realNS,rea1,ima1,rea2,ima2,digInt)

local eta,R,P,e,H1,H2,X1,X2;

uses IntegrateHyperelliptic;

eta:=Matrix(2,4);

H1:=Vector(2);

H2:=Vector(2);

e:=[rea1-I*ima1,rea1+I*ima1,rea2-I*ima2,rea2+I*ima2,realNS[1]];

R:=mul(x-e[i],i=1..5);

P:=add( Re(coeff(R,x,i))*x^i, i=0..5);

# first vertical branch cut

H1[1]:=int_genus2_complex_second(e,dr1,rea1,ima1,1,1,digInt);

H1[2]:=int_genus2_complex_second(e,dr2,rea1,ima1,1,1,digInt);

# path A1: e2..e1;

eta[1,1]:=2*Re(H1[1]);

eta[2,1]:=2*Re(H1[2]);

# second vertical branch cut, branch depends on the following value

if evalf((rea2-rea1)^2+ima1^2+2*(rea2-rea1)*(rea2-e[5]))<0 then

H2[1]:=int_genus2_complex_second(e,dr1,rea2,ima2,3,1,digInt);

H2[2]:=int_genus2_complex_second(e,dr2,rea2,ima2,3,1,digInt);

else
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H2[1]:=int_genus2_complex_second(e,dr1,rea2,ima2,3,1,digInt);

H2[2]:=int_genus2_complex_second(e,dr2,rea2,ima2,3,1,digInt);

end if;

# path A2: e4..e3

eta[1,2]:=2*Re(H2[1]);

eta[2,2]:=2*Re(H2[2]);

# path B2: e3..rea2 + rea2..e5 (neg. branch)

eta[1,4]:=myint_genus2_second(e,dr1,rea2,e[5],1,digInt)+H2[1];

eta[2,4]:=myint_genus2_second(e,dr2,rea2,e[5],1,digInt)+H2[2];

# path B1=B2+B3, path B3: e1..rea1+rea1..rea2(pos. branch)+rea2..e4

X1:=x->add( dr1[i]*x^(i-1) ,i=1..nops(dr1) );

X2:=x->add( dr2[i]*x^(i-1) ,i=1..nops(dr2) );

eta[1,3]:=eta[1,4]+H1[1]

-I*evalf(Int(X1(x)/sqrt(-P),x=rea1..rea2,digits=digInt))

-Re(H2[1])+I*Im(H2[1]);

eta[2,3]:=eta[2,4]+H1[2]

-I*evalf(Int(X2(x)/sqrt(-P),x=rea1..rea2,digits=digInt))

-Re(H2[2])+I*Im(H2[2]);

eta;

end proc:

Ima4Per2_second:=proc(dr1,dr2,realNS,rea1,ima1,rea2,ima2,digInt)

local eta,e,P,R,H1,H2,X1,X2,W1,W2,V1,V2;

uses IntegrateHyperelliptic;

eta:=Matrix(2,4);

H1:=Vector(2);

H2:=Vector(2);

e:=[realNS[1],rea1-I*ima1,rea1+I*ima1,rea2-I*ima2,rea2+I*ima2];

R:=mul(x-e[i],i=1..5);

P:=add( Re(coeff(R,x,i))*x^i, i=0..5);

# first vertical branch cut

H1[1]:=int_genus2_complex_second(e,dr1,rea1,ima1,2,1,digInt);

H1[2]:=int_genus2_complex_second(e,dr2,rea1,ima1,2,1,digInt);

# second vertical branch cut

H2[1]:=int_genus2_complex_second(e,dr1,rea2,ima2,4,0,digInt);

H2[2]:=int_genus2_complex_second(e,dr2,rea2,ima2,4,0,digInt);

W1:=myint_genus2_second(e,dr1,e[1],rea1,0,digInt);

W2:=myint_genus2_second(e,dr2,e[1],rea1,0,digInt);

# A1= e3..e2

eta[1,1]:=2*Re(H1[1])-2*W1;

eta[2,1]:=2*Re(H1[2])-2*W2;

# A2: e4..e5

V1:=myint_genus2_second(e,dr1,e[1],rea2,0,digInt);

V2:=myint_genus2_second(e,dr2,e[1],rea2,0,digInt);

eta[1,2]:=2*Re(H2[1])+2*V1;

eta[2,2]:=2*Re(H2[2])+2*V2;
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# B2: e2..rea1 + rea1..rea2 (pos.branch) + rea2..e5

eta[1,4]:=H2[1]+V1;

eta[2,4]:=H2[2]+V2;

# B1=B2+B3; B3: e1..rea1 (neg. branch) + rea1..e3

eta[1,3]:=eta[1,4]+H1[1]-W1-V1-Re(H2[1])+I*Im(H2[1]);

eta[2,3]:=eta[2,4]+H1[2]-W2-V2-Re(H2[2])+I*Im(H2[2]);

eta;

end proc:

Ima4Per3_second:=proc(dr1,dr2,realNS,rea1,ima1,rea2,ima2,digInt)

local eta,e,H1,H2,V1,V2;

uses IntegrateHyperelliptic;

eta:=Matrix(2,4);

H1:=Vector(2);

H2:=Vector(2);

e:=[rea1-I*ima1,rea1+I*ima1,realNS[1],rea2-I*ima2,rea2+I*ima2];

# first vertical branch cut

H1[1]:=int_genus2_complex_second(e,dr1,rea1,ima1,1,1,digInt);

H1[2]:=int_genus2_complex_second(e,dr2,rea1,ima1,1,1,digInt);

# second vertical branch cut

H2[1]:=int_genus2_complex_second(e,dr1,rea2,ima2,4,0,digInt);

H2[2]:=int_genus2_complex_second(e,dr2,rea2,ima2,4,0,digInt);

# A1: e2..e1, neg

eta[1,1]:=2*Re(H1[1]);

eta[2,1]:=2*Re(H1[2]);

# A2: e3..rea2 + rea2..ima2

V1:=myint_genus2_second(e,dr1,e[3],rea2,0,digInt);

V2:=myint_genus2_second(e,dr2,e[3],rea2,0,digInt);

eta[1,2]:=2*V1+2*Re(H2[1]);

eta[2,2]:=2*V2+2*Re(H2[2]);

# B2: e4..e5

eta[1,4]:=-V1+H2[1];

eta[2,4]:=-V2+H2[2];

# B1=B2+B3, B3: e1..rea1 + rea1..e3

eta[1,3]:=eta[1,4]+myint_genus2_second(e,dr1,rea1,e[3],0,digInt)

+H1[1]-Re(H2[1])+I*Im(H2[1]);

eta[2,3]:=eta[2,4]+myint_genus2_second(e,dr2,rea1,e[3],0,digInt)

+H1[2]-Re(H2[2])+I*Im(H2[2]);

eta;

end proc:
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B.4 Integration routines

The two modules presented in this section deal with the numerical calculation of
integrals of the type

∫ x2

x1

dx
q

Ql
j=1(x−ej)

, where l = 3 (module IntegrateEllipticFirst)

or l = 5 (module IntegrateHyperelliptic). If one of the real zeros, say ei, of P =
∏l

j=1(x− ej) is equal to x1 or x2 this singularity can be eliminated by an integration
by parts

∫ p

ei

dx
√

∏5
j=1(x − ej)

=

(

2
√

x − ei
√

Q(x)

)p

ei

−
∫ p

ei

√
x − ei

√

Q(x)
3Q′(x)dx (B.4.1)

where Q(x) =
∏

j 6=i(x−ej) and p is some point on the integration path. If one or more
zeros of P are located on the real integration path, this case can always be reduced
to a single singularity at x1 or x2 by splitting the integration path appropriately.
In a similar way the case of x2 being a complex zero of P and x1 = Re(x2) can be
handled. Here the integration by parts is done by parameterization of the integration
path by t = x1 + It, t ∈ [0, Im(x2)], and

P (x1 + It) = (Im(x2) − t)(t + Im(x2))Q(t) (B.4.2)

using the fact that Re(x2) − IIm(x2) is also a zero of P .

B.4.1 Module IntegrateEllipticFirst

Collection of procedures for numerically integrating elliptic integrals
∫ x2

x1

dx√
4

Q3
j=1(x−ej)

.

Exported procedures

Procedure int elliptic first: Numerically integrates an elliptic integral
∫ <ub>

<lb>
dx√

4
Q3

j=1(x−<zeros>[j])
, where <lb> and <ub> are real and no real zero <ze-

ros>[i] is located between them. The following cases are treated:

1. <lb> and <ub> are adjacent real zeros. In this case two calls of myint elliptic
are used to compute the result.
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2. Exactly one of <lb> and <ub> is a real zero. A call of myint elliptic is used to
compute the result.

3. None of <lb> and <ub> is a real zero. If <ub>= ∞ it is assumed that the
period matrix of the Riemann surface y2 = 4

∏3
i=1(x − <zeros>[i]) is known.

Input:

zeros: the zeros of 4
∏3

i=1(x − ei),
lowerbound, upperbound: the lower and upper integration bounds,
(optional) digInt: the digits used for the numerical integration; the default is the
global variable Digits.
Output: the result of the integration.

int_elliptic_first:=proc(zeros,lowerbound,upperbound,digInt:=Digits)

local e,realNS,complexNS,lb,ub,Sign,tags,branch_list,P;

global periodMatrix;

uses UtilityRoutines, PeriodsGenusOne;

e:=sort(zeros,sortfkt);

realNS,complexNS:=separate_zeros(e);

if not (Im(lowerbound)=0 and Im(upperbound)=0) then

error "invalid use; only real integration bounds are allowed"; end if;

if lowerbound=upperbound then return 0;

elif lowerbound>upperbound then Sign:=-1; lb:=upperbound; ub:=lowerbound;

else Sign:=1; lb:=lowerbound; ub:=upperbound;

end if;

# ------------------ case 1: lb and ub are adjacent real zeros

if inlist(lb,realNS)+1=inlist(ub,realNS) then

if inlist(lb,e)+1=inlist(ub,e) then tags:=(lb+ub)/2;

else tags:=Re(e[inlist(lb,e)+1]);

end if;

branch_list:=branch_list_elliptic(e,nops(realNS));

Sign*(myint_elliptic(e,lb,tags,branch_list[inlist(lb,e)][3],digInt)

+myint_elliptic(e,tags,ub,branch_list[inlist(ub,e)][1],digInt));

# ------------------ case 2: only one of lb and ub is a real zero

elif inlist(lb,realNS)>0 or inlist(ub,realNS)>0 then

# - case 2a: ub is a real zero

if inlist(lb,realNS)=-1 then

# no real zeros between lb and ub

if inlist(lb,sort([op(realNS),lb]))=inlist(ub,realNS) then

Sign*(myint_elliptic(e,lb,ub,branch_list_elliptic(e,nops(realNS))

[inlist(ub,e)][1],digInt));

else error "invalid bounds";

end if;

# - case 2b: lb is a real zero

elif inlist(ub,realNS)=-1 then
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# no real zeros between lb and ub

if inlist(ub,sort([op(realNS),ub]))=inlist(lb,realNS)+1 then

Sign*(myint_elliptic(e,lb,ub,branch_list_elliptic(e,nops(realNS))

[inlist(lb,e)][3],digInt));

else error "invalid bounds";

end if;

else error "invalid bounds";

end if;

# ---------------- case 3: none of lb or ub is a real zero

else

if inlist(lb,sort([op(realNS),lb]))=inlist(ub,sort([op(realNS),ub])) then

if ub=infinity then

Sign*(myint_elliptic(e,lb,realNS[-1],

branch_list_elliptic(e,nops(realNS))[inlist(realNS[-1],e)][3],digInt)

+Vector([eval_period(nops(realNS),infinity,realNS,e,periodMatrix,1),

eval_period(nops(realNS),infinity,realNS,e,periodMatrix,2)]));

else

P:=collect(mul(x-e[i],i=1..3),x);

Sign:=Sign*exp(Pi*I*(branch_list_elliptic(e,nops(realNS))

[inlist(lb,sort([op(e),lb]))][3]));

[Sign*evalf(Int(1/sqrt(P),x=lb..ub)),Sign*evalf(Int(x/sqrt(P),x=lb..ub))];

end if;

else error "invalid bounds";

end if;

end if:

end proc:

Procedure myint elliptic: Numerically integrates an elliptic integral
∫ <ub>

<lb>
dx√

4
Q3

j=1(x−<e>[j])
where either <lb> or <ub> is identical to an <e>[i].

Input:

e: the zeros of 4
∏3

i=1(x − ei),
lb, ub: the lower and upper integration bounds,

branch: the branch of
√

4
∏3

i=1(x − ei) given as an integer: 0 mod 2 means the

principal branch, 1 mod 2 the other,
digInt: the digits used for the numerical integration.
Output: the result of the integration.

myint_elliptic:=proc(e,lb,ub,branch,digInt)

local l,k,u,g,eval_branch,Q,Qstr,v,vstr,partInt,h,zeit,methods,dig,i;

k:=UtilityRoutines[inlist](lb,e);

l:=UtilityRoutines[inlist](ub,e);

if k=-1 and l>0 then

# integration from lb to e[l]
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# g is real and positive for real x

g:=collect(mul(x-e[i],i=1..l-1)*mul(e[i]-x,i=l+1..3),x);

u:=x->-2*sqrt(e[l]-x);

if type(l,odd) then

eval_branch:=exp(-Pi*I*(branch+1/2))

else eval_branch:=exp(-Pi*I*branch) end if;

elif l=-1 and k>0 then

# integration from e[k] to ub

# g is real and positive for real x

g:=collect(mul(x-e[i],i=1..k-1)*mul(e[i]-x,i=k+1..3),x);

u:=unapply(2*sqrt(x-e[k]),x);

if type(k+1,odd) then

eval_branch:=exp(-Pi*I*(branch+1/2))

else eval_branch:=exp(-Pi*I*branch) end if;

else error "invalid use";

end if;

# g=(x-rea)^2+ima^2=x^2-2*x*rea+rea^2+ima^2

Q:=add( Re(coeff(g,x,i))*x^i, i=0..degree(g,x));

Qstr:=add( i*Re(coeff(g,x,i))*x^(i-1), i=1..degree(g,x));

v:=unapply(1/sqrt(Q),x);

vstr:=unapply(-1/2*Qstr/sqrt(Q)^3,x);

partInt:=evalf( u(ub)*v(ub)-u(lb)*v(lb) );

methods:=[_DEFAULT,_CCquad,_Dexp,_Gquad,_Sinc];

zeit:=[seq(4*digInt,i=1..5)];

dig:=digInt;

i:=1;

h:=-1*timeint(lb,ub,vstr(x)*u(x),op(i,zeit),op(i,methods),dig);

while (type(h,complexcons)=false and dig>digInt-5) do

while (type(h,complexcons)=false and i<5) do

i:=i+1;

#print("Warning: (in myint_elliptic) method changed to ",op(i,methods));

h:=-1*timeint(lb,ub,vstr(x)*u(x),op(i,zeit),op(i,methods),dig);

end do;

dig:=dig-1;

i:=0;

end do;

if type(h,complexcons)=false then error "integration failed"; end if;

if dig<digInt-1 then

WARNING("in myint_elliptic: digits for integration reduced to %1",dig+1);

end if;

dig:=digInt;

1/2*eval_branch*evalf(partInt+h);

end proc:

229



B. Maple program

Procedure complex int elliptic: Numerically integrates an elliptic integral
∫ <realpart+I*imapart>

<realpart>
dx√

4
Q3

j=1(x−<e>[j])
, where <realpart+I*imapart> is a complex zero

of 4
∏3

j=1(x − <e>[j]). The evaluation of the square root is explicitly controlled by
using the arctan function.
Input:

e: the zeros of 4
∏3

i=1(x − ei),
realpart, impart: define the integration bounds,

branch: the branch of
√

4
∏3

i=1(x − ei) given as an integer: 0 mod 2 means the

principal branch, 1 mod 2 the other,
digInt: the digits used for the numerical integration.
Output:the result of the integration.

complex_int_elliptic:=proc(e,realpart,imapart,branch,digInt)

local n,k,partInt,aRe,aIm,bRe,bIm;

n:=UtilityRoutines[inlist](realpart-I*imapart,e);

if n=1 then k:=3 else k:=1; end if;

# Maple always chooses the principal branch for computing the square root,i.e.:

# 1/sqrt(Q(t)) = exp(-1/2*ln(Q(t))) with ln(x) = ln(abs(x))+I*arg(x),

# where -Pi<arg(x)<=Pi. Explicit control of the branch can be achieved by using

# 1/sqrt(Q(t)) = exp(-1/2*ln(Q(t))-Pi*I*k), where k is an integer,

# k=0 -> principal branch, k=1 -> other branch

partInt:=2/sqrt(realpart-e[k]); # =2/sqrt(Q(0))

aRe:=-1*evalf(Int(sqrt(imapart-t)/sqrt(t+imapart)^3

*((realpart-e[k])^2+t^2)^(-1/4)

*cos(-1/2*arctan(t,realpart-e[k])) ,t=0..imapart,digits=digInt));

aIm:=-I*evalf(Int(sqrt(imapart-t)/sqrt(t+imapart)^3

*((realpart-e[k])^2+t^2)^(-1/4)

*sin(-1/2*arctan(t,realpart-e[k])) ,t=0..imapart,digits=digInt));

# I=dQ/dt

bRe:=-1*I*evalf(Int(sqrt(imapart-t)/sqrt(t+imapart)

*((realpart-e[k])^2+t^2)^(-3/4)

*cos(-3/2*arctan(t,realpart-e[k])) ,t=0..imapart,digits=digInt));

bIm:=evalf(Int(sqrt(imapart-t)/sqrt(t+imapart)

*((realpart-e[k])^2+t^2)^(-3/4)

*sin(-3/2*arctan(t,realpart-e[k])) ,t=0..imapart,digits=digInt));

# 1/2 because of standard form P(x) = 4x^3+..

1/2*I*exp(-Pi*I*branch)*evalf(partInt+aRe+aIm+bRe+bIm);

end proc:
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Local procedures

Procedure timeint: Integrates a function <fct> of x from <lowerbound> to
<upperbound> using the integration method <meth>, the number of digits <dig>.
If the integration is not successful within <time> in seconds, FAIL is returned. This
procedure is used to switch to different integration methods or digits for integration
in the procedure myint elliptic.

timeint:=proc(lowerbound,upperbound,fct,zeit,meth,dig)

# Assumption: fct is a function in x!

try

timelimit(zeit,evalf(Int(fct,x=lowerbound..upperbound,method=meth,digits=dig)));

catch "time expired": return FAIL;

end try:

end proc:

B.4.2 Module IntegrateHyperellitptic

Collection of procedures for integrations of the type
∫ x2

x1

dx√
Q5

j=1(x−ej)
.

Exported procedures

Procedure int genus2 first: Integrates the vector of canonical holomorphic dif-
ferentials dz = [1/

√

P (z), z/
√

P (z)] from <lowerbound> to <upperbound>. Here
the same three cases as in int elliptic first from the module IntegrateEllipticFirst are
treated.
Input:
zeros: list of the 5 zeros of the polynomial P ,
lowerbound, upperbound: define the integration bounds,
(optional) digInt: digits used for the integration.
Output: values of the two integrals as a vector.

int_genus2_first:=proc(zeros,lowerbound,upperbound,digInt:=Digits)

local e,realNS,complexNS,lb,ub,Sign,tags,branch_list,P;

uses UtilityRoutines,PeriodsGenusTwo;

if not nops(zeros)=5 then

error "invalid use; number of zeros has to be 5" end if;

e:=sort(zeros,sortfkt);

realNS,complexNS:=separate_zeros(e);

if not (Im(lowerbound)=0 and Im(upperbound)=0) then

error "invalid use; only real integration bounds are feasible" end if;
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if lowerbound=upperbound then return 0;

elif lowerbound>upperbound then Sign:=-1; lb:=upperbound; ub:=lowerbound;

else Sign:=1; lb:=lowerbound; ub:=upperbound;

end if;

# ------------------ case 1: lb and ub are adjacent real zeros

if inlist(lb,realNS)+1=inlist(ub,realNS) then

if inlist(lb,e)+1=inlist(ub,e) then tags:=(lb+ub)/2;

else tags:=Re(e[inlist(lb,e)+1]);

end if;

branch_list:=branch_list_genus2(e,nops(realNS));

Sign*(myint_genus2(e,lb,tags,branch_list[inlist(lb,e)][3],digInt)

+myint_genus2(e,tags,ub,branch_list[inlist(ub,e)][1],digInt));

# ------------------ case 2: only one of lb and ub is a real zero

elif inlist(lb,realNS)>0 or inlist(ub,realNS)>0 then

# - case 2a: ub is a real zero

if inlist(lb,realNS)=-1 then

# no real zeros between lb and ub

if inlist(lb,sort([op(realNS),lb]))=inlist(ub,realNS) then

Sign*myint_genus2(e,lb,ub,branch_list_genus2(e,nops(realNS))

[inlist(ub,e)][1],digInt);

else error "invalid bounds";

end if;

# - case 2b: lb is a real zero

elif inlist(ub,realNS)=-1 then

# no real zeros between lb and ub

if inlist(ub,sort([op(realNS),ub]))=inlist(lb,realNS)+1 then

Sign*myint_genus2(e,lb,ub,branch_list_genus2(e,nops(realNS))

[inlist(lb,e)][3],digInt);

else error "invalid bounds";

end if;

else error "invalid bounds";

end if;

# ---------------- case 3: none of lb or ub is a real zero

else

if inlist(lb,sort([op(realNS),lb]))=inlist(ub,sort([op(realNS),ub])) then

if ub=infinity then

Sign*(myint_genus2(e,lb,realNS[-1],branch_list_genus2(e,nops(realNS))

[inlist(realNS[-1],e)][3],digInt)

+Vector([eval_period(nops(realNS),infinity,realNS,e,periodMatrix,1),

eval_period(nops(realNS),infinity,realNS,e,periodMatrix,2)]));

else

P:=collect(mul(x-e[i],i=1..5),x);

Sign:=Sign*exp(Pi*I*(branch_list_genus2(e,nops(realNS))

[inlist(lb,sort([op(e),lb]))][3]));

[Sign*evalf(Int(1/sqrt(P),x=lb..ub)),Sign*evalf(Int(x/sqrt(P),x=lb..ub))];

end if;
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else error "invalid bounds";

end if;

end if:

end proc:

Procedure myint genus2: Integrates the vector of canonical holomorphic differ-
entials dz = [1/

√

P (z), z/
√

P (z)] from <lowerbound> to <upperbound>, where at
least one of these has to be a real zero of the polynomial P .
Input:
e: list of the 5 zeros of P sorted by the procedure sortfkt in module UtilityRoutines,
lowerbound, upperbound: define the integration bounds,
branch: branch of the square root of P ,
digInt: digits used for the integration.
Output: values of the two integrals as a vector.

myint_genus2:=proc(e,lowerbound,upperbound,branch,digInt)

Vector([int_genus2_real_exp(e,lowerbound,upperbound,0,branch,digInt),

int_genus2_real_exp(e,lowerbound,upperbound,1,branch,digInt)]);

end proc:

Procedure int genus2 complex: Integrates the vector of canonical holomorphic
differentials dz = [1/

√

P (z), z/
√

P (z)] from the real part <realpart> of a complex
zero of the polynomial P to the complex zero <realpart>+I*<imapart> of P .
Input:
e: list of the 5 zeros of P sorted by the procedure sortfkt in module UtilityRoutines,
realpart, imapart: define the integration bounds; here imapart is assumed to be
positive,
position: position of realpart-I*imapart in e,
branch: branch of the square root of P ,
digInt: digits used for the integration.
Output: value of the integral as a vector.

int_genus2_complex:=proc(e,realpart,imapart,position,branch,digInt)

local A,B;

A:=int_genus2_complex_exp(e,realpart,imapart,position,0,branch,digInt);

B:=int_genus2_complex_exp(e,realpart,imapart,position,1,branch,digInt);

Vector([A,realpart*A+I*B]);

end proc:

Procedure myint genus2 second: Integrates a differential of first or second
kind dr =

∑

j <differential>[j]rj−1/
√

P (r) from <lowerbound> to <upperbound>,
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where at least one of these has to be a real zero of the polynomial P .
Input:
e: list of the 5 zeros of P sorted by the procedure sortfkt in module UtilityRoutines,
differential: the coefficients of the meromorphic differential,
lowerbound, upperbound: define the integration bounds,
branch: branch of the square root of P ,
digInt: digits used for the integration.
Output: value of the integral.

myint_genus2_second:=proc(e,differential,lowerbound,upperbound,branch,digInt)

local result,j;

result:=0:

for j from 1 to nops(differential) do

result:=result+differential[j]

*int_genus2_real_exp(e,lowerbound,upperbound,j-1,branch,digInt);

end do:

end proc:

Procedure int genus2 complex second: Integrates a differential of first or sec-
ond kind dr =

∑

j <differential>[j]rj−1/
√

P (r) from the real part <realpart> of a

complex zero of the polynomial P to the complex zero <realpart>+I*<imapart> of
P .
Input:
e: list of the 5 zeros of P sorted by the procedure sortfkt in module UtilityRoutines,
differential: the coefficients of the meromorphic differential,
realpart, imapart: define the integration bounds; here imapart is assumed to be pos-
itive,
position: position of realpart-I*imapart in e,
branch: branch of the square root of P ,
digInt: digits used for the integration.
Output: value of the integral.

int_genus2_complex_second:=proc(e,differential,realpart,imapart,position,

branch,digInt)

local results,j,k;

results:=[]:

for j from 1 to nops(differential) do

results:=[op(results),int_genus2_complex_exp(e,realpart,imapart,

position,j-1,branch,digInt)];

end do:

add(differential[j]*add(binomial(j-1,k)*realpart^k*I^(j-1-k)*results[j-k],

k=0..(j-1)),j=1..nops(differential));

end proc:
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Local procedures:

Procedure int genus2 real exp: Integrates the differential of first or second kind
zjdz/

√

P (z) from <lowerbound> to <upperbound>, where at least one of these has
to be a real zero of the polynomial P .
Input:
e: list of the 5 zeros of P sorted by the procedure sortfkt in module UtilityRoutines,
lowerbound, upperbound: define the integration bounds,
exponent: the exponent j in zj/

√

P (z),
branch: branch of the square root of P ,
digInt: digits used for the integration.
Output: value of the integral.

int_genus2_real_exp:=proc(e,lowerbound,upperbound,exponent,branch,digInt)

local lb,ub,Sign,l,k,realNS,complexNS,tag,eval_branch,g,u,v,vprime,

Q,Qprime,dig,methods,zeit,partInt,h,i;

uses UtilityRoutines;

if lowerbound=upperbound then return 0;

elif lowerbound>upperbound then lb:=upperbound; ub:=lowerbound; Sign:=-1;

else lb:=lowerbound; ub:=upperbound; Sign:=1;

end if;

k:=inlist(lb,e); l:=inlist(ub,e);

if (k>0 and l>0) then

realNS,complexNS:=separate_zeros(e);

if inlist(lb,realNS)+1=inlist(ub,realNS) then

if inlist(lb,e)+1=inlist(ub,e) then

tag:=(lb+ub)/2 else tag:=Re(e[inlist(lb,e)+1]) end if;

return Sign*(int_genus2_real_exp(e,lb,tag,exponent,branch,digInt)

+int_genus2_real_exp(e,tag,ub,exponent,branch,digInt));

else error "invalid use";

end if;

end if;

if k=-1 and l>0 then

# integration from lb to e[l]

# g is real and positive for real x in (e[l-1],e[l]]

g:=collect(mul(x-e[i],i=1..l-1)*mul(e[i]-x,i=l+1..5),x);

u:=x->-2*sqrt(ub-x);

if type(l,odd) then

eval_branch:=exp(-Pi*I*(branch+1/2))

else eval_branch:=exp(-Pi*I*branch) end if;

elif l=-1 and k>0 then

# integration from e[k] to ub

# g is real and positive for real x in [e[k],e[k+1])

g:=collect(mul(x-e[i],i=1..k-1)*mul(e[i]-x,i=k+1..5),x);

u:=x->2*sqrt(x-lb);
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if type(k+1,odd) then eval_branch:=exp(-Pi*I*(branch+1/2))

else eval_branch:=exp(-Pi*I*branch) end if;

else error "invalid use";

end if;

Q:=add( Re(coeff(g,x,i))*x^i, i=0..degree(g,x));

Qprime:=add( i*Re(coeff(g,x,i))*x^(i-1), i=1..degree(g,x));

v:=unapply(x^(exponent)/sqrt(Q),x);

vprime:=unapply(-x^(exponent)/(2*sqrt(Q)^3)*Qprime

+exponent*x^(exponent-1)/sqrt(Q),x);

partInt:=evalf( u(ub)*v(ub)-u(lb)*v(lb) );

methods:=[_DEFAULT,_CCquad,_Dexp,_Gquad,_Sinc];

zeit:=[seq(2*digInt,i=1..5)];

dig:=digInt;

i:=1;

h:=-1*timeint(lb,ub,vprime(x)*u(x),op(i,zeit),op(i,methods),dig);

while (type(h,complexcons)=false and dig>digInt-5) do

while (type(h,complexcons)=false and i<5) do

i:=i+1;

h:=-1*timeint(lb,ub,vprime(x)*u(x),op(i,zeit),op(i,methods),dig);

end do;

dig:=dig-1;

i:=0;

end do;

if type(h,complexcons)=false then error "integration failed" end if;

if dig<digInt-1 then

WARNING("in int_genus2_real_exp: digits for integration reduced to %1",dig+1)

end if;

Sign*eval_branch*(partInt+h);

end proc:

Procedure int genus2 complex exp: Integrates a differential of the form
Itjdt/

√

P (<realpart> + It) from t = 0 to t = <imapart>. This is needed to inte-
grate canonical differentials of first and second kind, see procedures
int genus2 complex first and int genus2 complex second.
Input:
e: list of the 5 zeros of P sorted by the procedure sortfkt in module UtilityRoutines,
realpart, imapart: define the integration bounds; here imapart is assumed to be pos-
itive,
position: position of realpart-I*imapart in e,
exponent: the exponent j in Itj/

√

P (<realpart> + It),
branch: branch of the square root of P ,
digInt: digits used for the integration.
Output: value of the integral.

int_genus2_complex_exp:=proc(e,realpart,imapart,position,exponent,branch,digInt)
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local T,g,coeffsg,RQ,IQ,RQprime,IQprime,zeit,methods,partInt,dig,

a,a1,a2,b,b1,b2,c,c1,c2,i;

uses UtilityRoutines;

T:={1,2,3,4,5} minus {position,position+1};

g:=collect(mul((x-e[k]),k=T),x);

# g has real coefficients: remove +0*I

coeffsg:=[seq(Re(coeff(g,x,i)),i=0..3)];

# separate real and imaginary parts of g und derivative of g

IQ:=t->-coeffsg[4]*t^3+t*(3*coeffsg[4]*realpart^2+2*coeffsg[3]*realpart

+coeffsg[2]);

RQ:=t->-t^2*(3*coeffsg[4]*realpart+coeffsg[3])+coeffsg[4]*realpart^3

+coeffsg[3]*realpart^2+coeffsg[2]*realpart+coeffsg[1];

IQprime:=t->-3*coeffsg[4]*t^2+(3*coeffsg[4]*realpart^2

+2*coeffsg[3]*realpart+coeffsg[2]);

RQprime:=t->-2*t*(3*coeffsg[4]*realpart+coeffsg[3]);

# Maple always chooses the principal branch for computing the square root,i.e.:

# 1/sqrt(Q(t)) = exp(-1/2*ln(Q(t))) with ln(x) = ln(abs(x))+I*arg(x),

# where -Pi<arg(x)<=Pi. Explicit control of the branch can be achieved by using

# 1/sqrt(Q(t)) = exp(-1/2*ln(Q(t))-Pi*I*k), where k is an integer,

# k=0 -> principal branch, k=1 -> other branch

methods:=[_DEFAULT,_CCquad,_Dexp,_Gquad,_Sinc];

zeit:=[seq(1*digInt,i=1..5)];

if exponent=0 then

# For the computation of partInt you need to be careful for negative RQ(0):

# the arctan function is discontinuous if IO(t) is negative for small t:

# it jumps from Pi for t=0 to -Pi+eps for t>0.

# Therefore, arctan(IQ(0),RQ(0)) has to be set to -Pi if IQ(t)<0 for small t.

# (This is not a problem for the integration as the discontinuity is a null set.)

if RQ(0)>0 then

partInt:=evalf(2/sqrt(RQ(0))); # IQ(0)=0

else

if IQ(imapart/100)<0 then

partInt:=evalf(2/sqrt(-RQ(0))*I);

else

partInt:=evalf(2/sqrt(-RQ(0))*(-I));

end if;

end if;

else partInt:=0;

end if;

# first real part

dig:=digInt;
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i:=1;

a1:=-1*timeint(0,imapart,x^(exponent)*sqrt(imapart-x)/sqrt(x+imapart)^3

*((RQ(x))^2+(IQ(x))^2)^(-1/4)

*cos(-1/2*arctan(IQ(x),RQ(x))),zeit[i],methods[i],dig);

while ( type(a1,complexcons) = false and dig>digInt-5) do

while (type(a1,complexcons)=false and i<5) do

i:=i+1;

a1:=-1*timeint(0,imapart,x^(exponent)*sqrt(imapart-x)/sqrt(x+imapart)^3

*((RQ(x))^2+(IQ(x))^2)^(-1/4)

*cos(-1/2*arctan(IQ(x),RQ(x))),zeit[i],methods[i],dig);

end do;

i:=0;

dig:=dig-1;

end do;

if type(a1,complexcons)=false then error "first integration failed"; end if;

if dig<digInt-1 then

WARNING("in int_genus2_complex_exp: digits for 1. integration reduced to %1",

dig+1);

end if;

# first imaginary part

dig:=digInt;

i:=1;

a2:=-I*timeint(0,imapart,x^(exponent)*sqrt(imapart-x)/sqrt(x+imapart)^3

*((RQ(x))^2+(IQ(x))^2)^(-1/4)

*sin(-1/2*arctan(IQ(x),RQ(x))),zeit[i],methods[i],dig);

while ( type(a2,complexcons) = false and dig>digInt-5) do

while (type(a2,complexcons)=false and i<5) do

i:=i+1;

a2:=-I*timeint(0,imapart,x^(exponent)*sqrt(imapart-x)/sqrt(x+imapart)^3

*((RQ(x))^2+(IQ(x))^2)^(-1/4)

*sin(-1/2*arctan(IQ(x),RQ(x))),zeit[i],methods[i],dig);

end do;

i:=0;

dig:=dig-1;

end do;

if type(a2,complexcons)=false then error "second integration failed"; end if;

if dig<digInt-1 then

WARNING("in int_genus2_complex_exp: digits for 2. integration reduced to %1",

dig+1);

end if;

a:=a1+a2;

# second real part

dig:=digInt;
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i:=1;

b1:=-1*timeint(0,imapart,x^(exponent)*sqrt(imapart-x)/sqrt(x+imapart)

*((RQ(x))^2+(IQ(x))^2)^(-3/4)

*(cos(-3/2*arctan(IQ(x),RQ(x)))*RQprime(x)

-sin(-3/2*arctan(IQ(x),RQ(x)))*IQprime(x)),zeit[i],methods[i],dig);

while ( type(b1,complexcons) = false and dig>digInt-5 ) do

while (type(b1,complexcons)=false and i<5) do

i:=i+1;

b1:=-1*timeint(0,imapart,x^(exponent)*sqrt(imapart-x)/sqrt(x+imapart)

*((RQ(x))^2+(IQ(x))^2)^(-3/4)

*(cos(-3/2*arctan(IQ(x),RQ(x)))*RQprime(x)

-sin(-3/2*arctan(IQ(x),RQ(x)))*IQprime(x) ),zeit[i],methods[i],dig);

end do;

dig:=dig-1;

i:=0;

end do;

if type(b1,complexcons)=false then error "third integration failed"; end if;

if dig<digInt-1 then

WARNING("in int_genus2_complex_exp: digits for 3. integration reduced to %1",

dig+1);

end if;

# second imaginary part

dig:=digInt;

i:=1;

b2:=-I*timeint(0,imapart,x^(exponent)*sqrt(imapart-x)/sqrt(x+imapart)

*((RQ(x))^2+(IQ(x))^2)^(-3/4)

*(sin(-3/2*arctan(IQ(x),RQ(x)))*RQprime(x)

+cos(-3/2*arctan(IQ(x),RQ(x)))*IQprime(x) ),zeit[i],methods[i],dig);

while ( type(b2,complexcons) = false and dig>digInt-5 ) do

while (type(b2,complexcons)=false and i<5) do

i:=i+1;

b2:=-I*timeint(0,imapart,x^(exponent)*sqrt(imapart-x)/sqrt(x+imapart)

*((RQ(x))^2+(IQ(x))^2)^(-3/4)

*(sin(-3/2*arctan(IQ(x),RQ(x)))*RQprime(x)

+cos(-3/2*arctan(IQ(x),RQ(x)))*IQprime(x) ),zeit[i],methods[i],dig);

end do;

dig:=dig-1;

i:=0;

end do;

if type(b2,complexcons)=false then error "fourth integration failed"; end if;

if dig<digInt-1 then

WARNING("in int_genus2_complex_exp: digits for 4. integration reduced to %1",

dig+1);

end if;
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b:=b1+b2;

if exponent=0 then c:=0:

else

# third real part

dig:=digInt;

i:=1;

c1:=2*exponent

*timeint(0,imapart,x^(exponent-1)*sqrt(imapart-x)/sqrt(x+imapart)

*((RQ(x))^2+(IQ(x))^2)^(-1/4)

*cos(-1/2*arctan(IQ(x),RQ(x))),zeit[i],methods[i],dig);

while (type(c1,complexcons)=false and dig>digInt-5) do

while (type(c1,complexcons)=false and i<5) do

i:=i+1;

c1:=2*exponent

*timeint(0,imapart,x^(exponent-1)*sqrt(imapart-x)/sqrt(x+imapart)

*((RQ(x))^2+(IQ(x))^2)^(-1/4)

*cos(-1/2*arctan(IQ(x),RQ(x))),zeit[i],methods[i],dig);

end do;

dig:=dig-1;

i:=0;

end do;

if type(c1,complexcons)=false then "5th integration failed"; end if;

if dig<digInt-1 then

WARNING("in int_genus2_complex_exp:

digits for 5. integration reduced to %1", dig+1);

end if;

# third imaginary part

dig:=digInt;

i:=1;

c2:=2*exponent*I

*timeint(0,imapart,x^(exponent-1)*sqrt(imapart-x)/sqrt(x+imapart)

*((RQ(x))^2+(IQ(x))^2)^(-1/4)

*sin(-1/2*arctan(IQ(x),RQ(x))),zeit[i],methods[i],dig);

while (type(c2,complexcons)=false and dig>digInt-5) do

while (type(c2,complexcons)=false and i<5) do

i:=i+1;

c2:=2*exponent*I

*timeint(0,imapart,x^(exponent-1)*sqrt(imapart-x)/sqrt(x+imapart)

*((RQ(x))^2+(IQ(x))^2)^(-1/4)

*sin(-1/2*arctan(IQ(x),RQ(x))),zeit[i],methods[i],dig);

end do;

dig:=dig-1;

i:=0;

end do;
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if type(c2,complexcons)=false then "6th integration failed"; end if;

if dig<digInt-1 then

WARNING("in int_genus2_complex_exp:

digits for 6. integration reduced to %1", dig+1);

end if;

c:=c1+c2;

end if;

exp(-Pi*I*branch)*I*(partInt+a+b+c);

end proc:

Procedure timeint: Integrates a function <fct> of x from <lowerbound> to <up-
perbound> using the integration method <meth>, and the number of digits <dig>.
If the integration is not successful within <time> seconds, FAIL is returned. This
procedure is used to switch to different integration methods or digits for integration
in the procedures int genus2 real exp and int genus2 complex exp.

timeint:=proc(lowerbound, upperbound, fct, time, meth, dig)

try

timelimit(time,evalf(Int(fct,x=lowerbound..upperbound,method=meth,digits=dig)));

catch "time expired": return FAIL;

end try:

end proc:

B.5 Basic procedures

In this section three modules which contain the most basic procedures are presented.
This are the modules ConvertPolynomial, Thetafunctions, and UtilityRoutines. Most
of the procedures in these three modules are can be explained with a single sentence
or are self-explanatory.

B.5.1 Module ConvertPolynomial

Collection of procedures used to convert a differential equation of the form (dy/dx)2 =
P (y) to a standard form. Here P is a polynomial of a degree lower or equal to 6. For
a degree of 3 or 4 the standard form is (dy/dx)2 = 4y3 − g2y − g3 for two constants
g2, g3, for a degree of 5 or 6 the standard form is (dy/dx)2 = y5 +

∑4
i=0 aiy

i for some
constants ai. If P has a degree lower than 3 the polynomial is not changed.
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Exported procedures

Procedure convert polynomial: Sorts the polynomial P by its degree and calls
the appropriate local procedure.
Input:
polynomial: the polynomial P of degree lower or equal to 6,
degree: the degree of P ,
zeros: the zeros of P ,
(optional) badzeros: a list of zeros of P which should not be used for the conversion
of the polynomial; is only used if P has a degree of 4 or 6.
Output: a list with elements
1) the converted polynomial in standard form,
2) the prefactor f(z) on the right hand side of the converted differential equation
(dz/dx)2 = f(z)P (z); in most cases f(z) is constant, but f(z) = z2 is also possible,
3) the substitution used to convert the polynomial.

convert_polynomial:=proc(polynomial,degree,zeros,badzeros)

if degree>6 then error "degree larger then 6 is not supported":

elif degree=6 or degree=4 then convert_degeven(polynomial,zeros,badzeros):

elif degree=5 then convert_deg5(polynomial,zeros):

elif degree=3 then convert_deg3(polynomial,zeros):

elif degree<3 then return [polynomial,1,x->x]:

end if:

end proc:

Local procedures

Procedure convert deg5: Applies the substitution y = −z or y = z such that
the leading coefficient of P (z) becomes positive. This coefficient is then factored out.

convert_deg5:=proc(polynomial,zeros)

local P,zeros_list,mult_zeros,P_standard,constant,substitution:

# copy to local

P:=polynomial(y):

# check for multiple zeros

zeros_list,mult_zeros:=UtilityRoutines[extract_multiple_elems](zeros):

if nops(mult_zeros)>0 then

error "multiple zeros in polynomial, to be done";

end if:

# determine standard form

if coeff(P,y,5)<0 then

P:=collect(subs(y=-z,P),z):

constant:=coeff(P,z,5):
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P_standard:=add(Re(coeff(P,z,i)/constant)*z^i,i=0..5):

substitution:=-z:

else

constant:=coeff(P,y,5):

P_standard:=add(Re(coeff(P,y,i)/constant)*z^i,i=0..5):

substitution:=z:

end if:

# the left hand side (dy/dx)^2 is not changed by the substitution

[unapply(P_standard,z),constant,unapply(substitution,z)]:

end proc:

Procedure convert deg3: Applies the substitution y = 1
b3

(

4z − b2
3

)

, where P (y) =
∑3

i=0 biy
i.

convert_deg3:=proc(polynomial,zeros)

local P,zeros_list,mult_zeros,P_standard,a3,a2,substitution:

# copy to local

P:=polynomial(y):

# check for multiple zeros

zeros_list,mult_zeros:=UtilityRoutines[extract_multiple_elems](zeros):

if nops(mult_zeros)>0 then

error "multiple zeros in polynomial, to be done";

end if:

# determine standard form

a3:=coeff(P,y,3):

a2:=coeff(P,y,2):

substitution:=evalf(1/a3*(4*z-a2/3)):

P_standard:=collect(a3^2/4^2*subs(y=substitution,P),z):

if not abs(coeff(P_standard,z,2))=0 then

P_standard:=4*z^3+coeff(P_standard,z,1)*z+coeff(P_standard,z,0);

end if;

# left hand side: with y=substitution it follows dz/dy=a3/4 and

# (dz/dx)^2=(dz/dy)^2*(dy/dx)^2=a3^2/4^2*P(y)=a3^2/4^2*4^2/a3^2*P_standard(z)

[unapply(P_standard,z),1,unapply(substitution,z)]:

end proc:

Procedure convert degeven: Applies the substitution y = 1/z + ei, where ei is
a zero of P (y), which reduces the degree of P (z) to the degree of P (y) minus one.
If the degree of P (y) was 6, the prefactor is then given by f(z) = z2. Then P (z) is
passed to one of the procedures convert deg5 or convert deg3.

convert_degeven:=proc(polynomial,zeros,badzeros)

local P,zeros_list,mult_zeros,substitution,initial_coords,realNS,complexNS,
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realz,P_degodd,zeros_degodd,integrand,data_degodd,i:

uses UtilityRoutines;

# copy to local

P:=polynomial(y):

# check for multiple zeros

zeros_list,mult_zeros:=extract_multiple_elems(zeros):

if nops(mult_zeros)>0 then

error "multiple zeros in polynomial, to be done";

end if:

# determine appropiate zero for conversion to odd degree

if inlist(0,zeros_list)>0 then substitution:=1/z;

else

realNS,complexNS:=separate_zeros(zeros_list);

# sort real zeros such that numbers near 1 or -1 comes first

realz:=sort(realNS,proc(x,y) evalb(abs(abs(x)-1)<abs(abs(y)-1)) end proc);

for i from 1 to nops(realz) do

if inlist(realz[i],badzeros)=-1 then

substitution:=1/z+realz[i]; break;

end if;

end do;

# if all realz[i]’s are badzeros

if type(substitution,symbol) then

substitution:=1/z+realz[1];

end if;

end if:

# determine standard form

# left hand side: with y=substitution it follows dz/dy=-(y-realz[i])^(-2)=-z^2

# and (dz/dy)^2=(dz/dy)^2*(dy/dx)^2=z^4*P(y)=z^4/z^4*P_degodd or z^4/z^6*P_degodd

if degree(P,y)=4 then

P_degodd:=collect(z^4*subs(y=substitution,P),z);

integrand:=1:

zeros_degodd:=solve(P_degodd=0,z);

data_degodd:=convert_deg3(unapply(P_degodd,z),zeros_degodd);

elif degree(P,y)=6 then

P_degodd:=collect(z^6*subs(y=substitution,P),z);

integrand:=1/z^2:

zeros_degodd:=solve(P_degodd=0,z);

data_degodd:=convert_deg5(unapply(P_degodd,z),zeros_degodd);

end if;

[data_degodd[1],unapply(data_degodd[2]*subs(z=data_degodd[3](x),integrand),x),

unapply(subs(z=data_degodd[3](x),substitution),x)];

end proc:
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B.5.2 Module Thetafunctions

Here the theta function with characteristics
(

1/2
1/2

)

,
(

0
1/2

)

together with its derivatives

on the theta divisor as well as the Kleinian sigma functions are defined. They are
computed using the formulas (2.3.4), (B.2.2), and (2.4.5).

General theta function in two variables: Here the input z ∈ C is the point
where to evaluate the theta function, R is the Riemann matrix, and the optional
parameter MinMax determines the extremal values of the summation parameters.

Theta2ch:=proc(z,R,MinMax:=5)

local g,h,m1,m2,result,m;

g:=[1/2,1/2]; h:=[0,1/2];

result:=0;

for m1 from -MinMax to MinMax do

for m2 from -MinMax to MinMax do

m:=[m1,m2];

result:=result+evalf(exp( Pi*I*add( (m[i]+g[i])*

( add( R[i,j]*(m[j]+g[j]),j=1..2 )+2*z[i]+2*h[i] ),i=1..2)));

end do;

end do;

end proc:

Derivatives of theta functions on the theta-divisor: The procedures Th2chRR
and Th2chIR compute the derivatives of the real part (Th2chRR) and the imaginary
part (Th2chIR) of z 7→ Theta2ch(z, R), where z = [xR + I · xI, wR + I · wI]. For
l = 1, the derivative with respect to xR and for l = 2 the derivative with respect to
wR is computed. The two equations (B.2.2) are the formulas corresponding to these
two procedures.

Th2chRR:=proc(xR,xI,wR,wI,l,tau,MinMax:=5)

local g,h,result,varR,varI,tauR,tauI,m1,m2,m;

# characteristics:

g:=[1/2,1/2]; h:=[0,1/2];

varR:=[xR,wR];

varI:=[xI,wI];

tauR:=map(Re,tau);

tauI:=map(Im,tau);

result:=0;

for m1 from -MinMax to MinMax do

for m2 from -MinMax to MinMax do

m:=[m1,m2];
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result:=result-evalf(exp(Pi*add((m[i]+g[i])*(add(-tauI[i,j]*(m[j]+g[j]),j=1..2)

-2*varI[i]),i=1..2))*sin(Pi*add((m[i]+g[i])*(add(tauR[i,j]*(m[j]+g[j]),j=1..2)

+2*varR[i]+2*h[i]),i=1..2))*2*Pi*(m[l]+g[l]));

end do;

end do;

end proc:

Th2chIR:=proc(xR,xI,wR,wI,l,tau,MinMax:=5)

local g,h,result,varR,varI,tauR,tauI,m1,m2,m;

# characteristics:

g:=[1/2,1/2]; h:=[0,1/2];

varR:=[xR,wR];

varI:=[xI,wI];

tauR:=map(Re,tau);

tauI:=map(Im,tau);

result:=0;

for m1 from -MinMax to MinMax do

for m2 from -MinMax to MinMax do

m:=[m1,m2];

result:=result+evalf(exp(Pi*add( (m[i]+g[i])*(add(-tauI[i,j]*(m[j]+g[j]),j=1..2)

-2*varI[i]),i=1..2) )*cos( Pi*add((m[i]+g[i])*(add(tauR[i,j]*(m[j]+g[j]),j=1..2)

+2*varR[i]+2*h[i]),i=1..2))*2*Pi*(m[l]+g[l]));

end do;

end do;

end proc:

Derivatives of the Kleinian sigma function on the theta divisor: Here the
constant factor in the definition of the sigma function is neglected. The procedure
sigma1 is the derivative with respect to z1, sigma2 is the derivative with respect to
z2.

sigma1:=proc(z,tau,MinMax:=5)

local g,h,m1,m2,m,result;

# characteristics:

g:=[1/2,1/2]; h:=[0,1/2];

result:=0;

for m1 from -MinMax to MinMax do

for m2 from -MinMax to MinMax do

m:=[m1,m2];

result:=result+(exp(Pi*I*add((m[i]+g[i])*(add(tau[i,j]*(m[j]+g[j]),j=1..2)

+2*z[i]+2*h[i]),i=1..2)) *2*Pi*I*(m1+g[1]));

end do;

end do;

end proc:

246



B.5. Basic procedures

sigma2:=proc(z,tau,MinMax:=5)

local g,h,m1,m2,m,result;

# characteristics:

g:=[1/2,1/2]; h:=[0,1/2];

result:=0;

for m1 from -MinMax to MinMax do

for m2 from -MinMax to MinMax do

m:=[m1,m2];

result:=result+(exp(Pi*I*add((m[i]+g[i])*(add(tau[i,j]*(m[j]+g[j]),j=1..2)

+2*z[i]+2*h[i]),i=1..2)) *2*Pi*I*(m2+g[2]));

end do;

end do;

end proc:

B.5.3 Module UtilityRoutines

This module is a collection of very small utility procedures. It includes 5 exported
procedures frequently used in the other modules.

Procedure sortfkt: A function which can be used as second argument for the
inbuilt Maple function sort, e.g. sort(list,sortfkt). Using sortfkt, the elements of a
list are first sorted by increasing real parts and for the case of equal real parts by
increasing imaginary parts.

sortfkt:=proc(a,b)

if (Re(evalf(a))=Re(evalf(b))) then evalb(Im(evalf(a))<Im(evalf(b)));

else evalb(Re(evalf(a))<Re(evalf(b)));

end if;

end proc:

Procedure inlist: Returns the position of an element in a list (using the statement
inlist(element,list)). For the case that element is not in the list at all -1 is returned.

inlist := proc( element, list)

local i;

for i from 1 to nops(list) do

if (element = list[i]) then return i; end if;

end do;

return -1;

end proc:
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Procedure separate zeros: Separates the real and complex elements of a given
list and sorts the results using the procedure sortfkt.

separate_zeros:=proc(zeros)

local i,realNS,complexNS;

realNS:=[]: complexNS:=[]:

for i from 1 to nops(zeros) do

if Im(zeros[i])=0 then realNS:=[op(realNS),zeros[i]];

else complexNS:=[op(complexNS),zeros[i]]; end if;

end do;

sort(realNS),sort(complexNS,sortfkt);

end proc:

Procedure extract multiple elems: If a list has two or more identical elements,
these elements are removed from the list and stored in <mult elems>. The output
is then the ’cleaned’ list and <mult elems>.

extract_multiple_elems:=proc(list)

local L,mult_elems,i:

L:=sort(list,sortfkt);

mult_elems:=[]: i:=1:

while i<nops(L) do

if L[i]=L[i+1] then

mult_elems:=[op(mult_elems),L[i]]:

L:=[op(L[1..i-1]),op(L[i+2..nops(L)])]:

else i:=i+1:

end if:

end do:

L,mult_elems;

end proc:

Procedure find next: For a given <expression>, find next returns that element
of a given <list> which has the smallest distance to <expression>.

find_next:=proc(expression,list)

local d,j,i;

d:=abs(expression-list[1]);

j:=1;

for i from 2 to nops(list) do

if abs(expression-list[i])<d then d:=abs(expression-list[i]); j:=i; end if;

end do;

list[j];

end proc:
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